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AHHOTail,HH 

B CTaTte ,n;oKa3aHO yTBep^K^eHHe, npeflCTaBjisnomee co6oii aHajior 

TeopeMbI JlHTTJIByfla-IIsjIH pjlX OpTOnpoeKTOpOB Ha B3aHMHO opTO- 

roHajibHbie npznipocTpaHCTBa KycoHHO-nojiHHOMHajibHbix cpyHKHHil Ha 
Ky6e I d . HcxoflH H3 Hero ycTaHOBjieHa oueHKa CBepxy HopMbi (pyHKinui 
b L p (I d ) nepe3 coc-TBeTCTByioiinie HopMbi npoeKinui Ha no/uipocTpaH- 
CTBa KycoHHO-nojiHHOMHajibHbix (pyHKH,Hlt HecKOJibKHX nepeMeHHbix. 
C noMombio 3thx cooTHOHieHHH nojiyneHbi BepxHHe OHeHKH KOJIMO- 
ropoBCKHX nonepeHHHKOB KjiaccoB BecoBa (HenepHOflnnecKHx) cpyHK- 
hhh, yapBjieTBopHioiHHX CMeniaHHbiM ycjioBHHM Iejib^epa. 

KjnoHeBbie cjioBa: opTonpoeKTop, B3aHMHo opToroHajibHbie no^npocTpaH- 
cTBa, KycoHHo-nojiHHOMHajibHMe cpyHKHHH, TeopeMa JlHTTjiByzja-HajiH, no- 
nepeiHHK 

BBe^eHHe 

Kax H3BecTHo (cm., HanpiiMep, [1], [2] h pp. pa6oTbi), BaacHoe 3Hane- 
Hiie fljis BbiBo^a nopa^KOBbix ohchok tohhocth npii6jiH:>KeHHH b L p cno- 
co6aMH, ocHOBaHHtiMH Ha npHMeHeHiiH KpaTHtix TpuroHOMeTpHHecKiix pa- 
^ob, KjiaccoB nepno^HHecKHX cpyHKHHH hcckojibkhx nepeMeHHbix c ycjioBH- 
hmi Ha cMemaHHbie npoH3Bo^Hbie (pa3HocTH) HMeeT TeopeMa JiHTTjiByna- 
IIsjih pjis KpaTHbix pji^oB Oypte h cjie^cTBHH H3 Hee. Eto noBo^y Teo- 
peMti JlnTTjiBy^a-IlsjiH pjm KpaTHbix psppB Oypte cm., HanpHMep, [3, n. 
1.5.2], [4] h npHBe^eHHyio TaM jiHTepaTypy. ^jih nojiyneHHH cooTBeTCTBy- 
ioihhx ohchok tohhocth npnGjiHJKeHHH KjiaccoB (Henepno^HHecKHx) cpyHK- 
HHH, 3a^aHHbix Ha Ky6e I d , no^HHHeHHtix ycjioBHSM Ha CMemaHHbie pa3- 

HOCTH, nOJie3HO HMeTb aHajIOTH 3THX pe3yjit>TaTOB flJIH cpe^cTB npH6jTH>Ke- 



hhh t&khx KjiaccoB HenepHCflHHecKHX c^yHKHHft. C 3toh nejiBio b pa6o- 
Te ^OKa3aH aHajior TeopeMBi JlnTTjiBy^a-IIsjiH ,zyiH ceMeflcTB opTonpoeKTO- 
poB {£ d,l ,K G U\_},d 6 N,I 6 (cm. n. 2.2.) Ha B3anMHO opToroHajiB- 
Hbie no^npocTpaHCTBa KycoHHO-nojiHHOMHajiBHBix cpyHKHHH Ha Ky6e I d , no- 
CTpoeHHBix b [5] (cm. Taicace HHSte n. 1.4.), a hmchho, noKa3aHO, hto npn 

d G N, I G Z+, 1 <J9<00 ^JIH JH060H CpyHKHHH / G L p (I d ) BBinOJIHJHOTCS 

HepaBeHCTBa 

ciII/IImt-) < ( / ( E tte?f)(x)) 2 Y" 2 dx) 1 "> < c 2 \\f\\ Lp{Id) (1) 

C HeKOTOpBIMH KOHCTaHTaMH Ci, C2 > 0, 3aBHC5HHHMH OT d,l,p. 

Hcxoflfl H3 (1), ycTaHOBjieHa oueHKa CBepxy HopMBi cpyHKHHH / b L p (I d ) 
nepe3 cooTBeTCTByiomHe HopMBi npoeKHHii S d ' l f,K G Z^_, Ha no^npocTpaH- 

CTBa KyCOHHO-nOJIHHOMHajIBHBIX CpyHKHHH, KOTOpaH HMeeT BHfl 

ll/lk(i*)<<*(£ ll^/ll£(7-)) 1/P *' ( 2 ) 

(cp. c aHajioroM fljia: onepaTopoB b33thji nacTHBix cyMM pa^a OypBe b [2]), 
r,ne p = min(2,p). B KanecTBe HjijnocTpaHHH npuMeHemiH c iiomoihbk) (2) 
nojiyneHa ou,eHKa CBepxy KOJiMoropoBCKoro n-nonepenHHKa b L q (I d ) MHcxace- 
CTBa Sp <e B(I d ) - e^HHHHHoro niapa othochtcjibho nojiyHopMBi, onpe^ejiHio- 
m;eii npocTpaHCTBo BecoBa cpyHKHHH Ha Ky6e I d , y^oBjieTBopnioHnix cMeniaH- 
hbim ycjioBHHM DejiB^epa (cm. n. 3.1.). 3Ta ou,eHKa npn HexoTopBix ycjioBHHx 
Ha d G N, a G R+, l<#<oo,l<p<oo, l<g<oo TaKOBa: 

d n (S« e B(I d ),L q (I d )) 

< c 4 n _m(a_(p_1_1,_1)+e) (logn) (m(a ~ (p_1_11_1)+e)+(1/q_1/e)+)(c_1) , (3) 

r,ne m(x) = min^i^^x?, £ G ~R d ,c = card{j = 1, . . . , d : otj = m(a)},t = 
(1, . . . , 1), q = min(2, max(p, q)). LIopH^KOBaH oueHKa (3) npn q > 2 TOHHa 
(cm. (3.3.19')). ^Jifl cpaBHeHHH (3) co cjiynaeM nepHOUHHecKHX cpyHKHiiii cm. 

[2]- 

Pa6oTa coctoht H3 BBe^eHHa h Tpex naparpacpoB. B §1 npHBe^eHBi npeu- 
BapHTejiBHBie cBeueHHH 06 opTonpoeKTopax Ha nounpocTpaHCTBa KycouHo- 
nojiHHOMHajiBHBix cpyHKHHH h KpaTHBix pH,n,ax, paccMaTpHBaeMBix b paGoTe. 
B n. 2.2. §2 Ha ocHOBaHHH cBeueHHft H3 §1 h n. 2.1. ycTaHaBjiHBaeTcsi cnpa- 

Be^JIHBOCTB (1) H BBIBOUHTCH (2). B §3 C npHMeHeHHeM (2) ^OKa3BIBaeTC2 (3) 

(cm. n. 3.3.). nepeftueM k tohhbim cpopMyjinpoBKaM h ,noKa3aTejiBCTBaM. 
§1. OnepaTopBi npoeKTHpoBaHHH Ha noanpocTpaHCTBa 
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KyCOHHO-nOJIHHOMHajIbHMX (pyHKUHH 

1.1. B 3tom nyHKTe bbo^htch o6o3HaHeHHJi, Hcnojib3yeMt>ie b HacTOHineft 
pa6oTe. 

JSjia. d G N nepe3 o6o3HaHHM MHoacecTBo 

Z d + = {\ = (Ax, ....A,/), r': A, >()../ 1 d}. 

06o3HaHHM TaKJKe npn rfeN I G Z^ Hepe3 Z^(/) mhcokcctbo 

Z d + (l) = {\e1 d + : Xj < lj,j = 1, ... ,4. 

J\jin d G N, Z G Z% Hepe3 V d ' 1 6yneM o6o3HaHaTb npocTpaHCTBo Beme- 
cTBeHHbix nojiHHOMOB, cocTOHmee H3 Bcex cpyHKi^HH / : M. d I—)- H. Bima 

f(x) = a\-x x ,xe R d , 

\ei d + (i) 

me a x G R, x x = x Xl . . . x* d , A G Z%{1). 

Ilp 11 d G N, / G Z^ ,n;jifl o6jiac™ .D C IR d Hepe3 V d ' l (D) oGosHaniiM 
npocTpaHCTBo (pymojHH /, onpe,nejieHHbix b Z), ^jih Ka>K^;oii 113 kotopbix 
cymecTByeT nojiHHOM g G "P d,i TaKofi, hto cyjKemie (7 |^= /. 

IlpH n 6 N, 1 < j) < 00 nepe3 /" o6o3HaHHM npocTpaHCTBo M™ c (|>hkch- 

pOBaHHOH B HeM HOpMOfi 



p 



maxj = i ; ... ;n \Xj\, npn p = 00, 



JX\jis. H3MepHMoro no Jle6ery MHoacecTBa D C R d npn 1 < p < 00 ne- 
pe3 L p (D), kbk oGbihho, o6o3HaHaeTC5i npocTpaHCTBo Bcex Beru;ecTBeHHbix 
H3MepiiMBix Ha D (pymajnii /, fljia KOTopbix onpe^ejieHa HopMa 



L P (D) 



\j D \f(x)\Pdxy/P,l<p<oo; 
supvrai xeD \f(x)\,p = oo. 



BBe^eM eme cjie^yiomiie o6o3HaHeHHH. 

^jih x, y G R d nojio>KHM xy = x ■ y = (xij/i, . . . , Xdyd), a fljia x G M. d h 
4cK' i onpe,n;ejiHM 

= x ■ A = {xy : y G A}. 
J\jin x <E R d : Xj ^ 0, npn j — 1, . . . , d, nojiOJKHM x' 1 = (x^ 1 , . . . , x^ 1 ). 
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Ilpn d G N fljiH x, y G M d 6ya;eM o6o3HaHaTB 

d 

j'=i 

06o3HaHHM nepe3 mho>k6ctbo x G M d , fljia kotopbix Xj > npn 
j — 1, . . . , d, h fljia a G R+, iGl d nojio>KHM a x = a^ 1 . . . aj*. 
ripii d G N onpe^ejiHM MHoacecTBa 



J d = {x G K d : < < l,j = l,...,d}, 

l d = {x G R d : < Xj < 1, j = 1, . . . , d}, 
£ d = {x G R d : -1 < ij < l,j = 1,. . ., d}. 

Hepe3 e 6yneM oGosHanaTB BeKTop b M. d , 3a^aBaeMBifi paBeHCTBOM e = 
(1,...,1). ' ^ ^ 

,U,ajiee, HanoMHiiM , hto rjik oGjiacTH D C M d h BeKTopa /i G M d Hepe3 
o6o3HaHaeTC5i mhcokcctbo 

D h = {x E D : x + th e Bit G 7}. 

,U,jih (pyHKi^iiH /, 3a^aHHofl b oGjiacTH D C M d , h BeKTopa /i G M d onpe- 
flejiHM b Dh ee pa3HocTB A^/ c inaroM h, nanaras: 

(A h f)(x) = f(x + h)-f(x),xeD h , 

a fljiH Z G N : I > 2, b onpe^ejiHM Z-yio pa3HOCTB A^/ cpyHKi^iiH / c 
inaroM h paBeHCTBOM 

(A| l /)(x) = (A /l (A| l - 1 /))(x),xG D lh , 

nojio>KHM TaKJKe AP h f = f- 

IIpH d G N rjik j = 1, . . . , d nepe3 tj 6yneM o6o3HaHaTB BeKTop = 
(0,...,0,1„0,...,0). 

IIpH d G N ^jih x G M. d nepe3 / (x) o6o3HaHHM MHcxscecTBo / (x) = {j = 
1, . . . , d : Xj 7^ 0}, a fljia MHoxcecTBa J C {1, . . . , d} nepe3 xj oGosHaniiM 

BeKTOp H3 M. d C KOMnOHeHTaMH 



(x 



3)3 



1, flJiflj G J; 

0, fljiflj G ({l,...,d}\ J). 



n P n d G N pps. x G M d h J = {j u . . . , j k } C N : 1 < j ± < j 2 < ■ ■ ■ < jk < 
d, nepe3 x J o6o3HaHHM BeKTop x J = (xj 1? . . . ,Xj k ) G M fc , a fljis MHOJKecTBa 
AcM. d nojio>KHM A J = {x J : x G A}. 
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B saKjironeHHe 3Toro nyHKTa BBe^eM ein;e HecKOJibKo o6o3HaHeHHH. 
fljisi GaHaxoBa npocrpaHCTBa X (nap, R) oGosHauiiM B(X) = {x G X : 
IMU < !}■ 

^Jifl 6aHaxoBbix npocTpaHCTB X, Y uepe3 B(X, Y) o6o3Ha T iHM 6aHaxoBo 
upocTpaHCTBO, cocTOHmee H3 HenpepbiBHbix jiiiHeftHbix onepaTopoB T:l4 
Y, c HopMoii 

||T|| B( x,y)= sup \\Tx\\ Y . 

xeB(x) 

0tm6thm, hto ecjin X = Y, to B(X, Y) HBjiHeTCH 6aHaxoBofl ajireSpoft. 
OTMeTHM em;e, hto npii Y = M. npocTpaHCTBo B(X,M) oGosHauaeTCH TaioKe 
X*. 

1.2. B 9tom nyHKTe co^epxcaTCH cBe^emia: o KpaTHBix pa^ax, kotopbimh 
6yneM nojiB30BaTBCH b ^ajibHeflineM. 
JXjiz deN,j/6l £i nojio>KHM 

m(y) = min % 

j=l,...,d 

h ,zyiH GaHaxoBa npocTpaHCTBa X, BeKTopa x G X h ceMeflcTBa {x K 6l,/t£ 
Z+} 6yn;eM nncaTb x = lim m ( K )^ 00 x K , ecjin fljia jiioGoro e > cymecTByeT 
n G N Taxoe, hto ajih jiio6oro k G Z+, ajih KOToporo m(/c) > n , cnpaBefl- 
jihbo HepaB6HCTBo 1 1 rz: — X K \\x < £■ 

LlycTb X - 6aHaxoBo npoerpaHCTBo (Hafl M), d G N h {x k G X : 
k G Z+} - ceMeflcTBO BeKTopoB. Tor^a nofl cyMMoii pa^a X^ K gz d x k ^y- 
,a;eM noHHM&Tb BeKTop x G X, ,zyiH KOToporo BbinojmjieTCJi paBeHCTBO x = 

li m m(fc)->oo X] K eZ d (fc) x «- 

npii d G N nepe3 T d o6o3HaHHM MHoacecTBo 

T d = {eEZ d :e 1 E {0,1}, J = 1, . . . , d}. 

HivieeT MecTo 
JleMMa 1.2.1 

LlycTb X - 6aHaxoBO npocTpaHCTBo, a BeKTop x G X h ceMeficTBO {x K G 
I : k 6 Z^} TaxoBbi, hto x = lim m ( K )_ i . 00 x K , Tor^a rjik ceMeftcTBa {X K G 
X, k G Z^}, onpe,n;eji5ieMoro paBeHCTBOM 

= {-t) e x K . e ,KeZ d + , 

eerd : J( £ )CJ(K) 

cnpaBe,n;jiHBO paBeHCTBO 

x= ^ X K . 
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JleMMa HBJIH6TCH cjie^cTBHeM Toro, hto npn k G Z+ BbinojiHHeTCH paBeH- 

CTBO 

J2 X K = x k (cu. [5]). (1.2.1) 

k&,\ (k) 

3aMenaHHe. 

Jlerxo 3aMeTHTB, hto fljia jiioGoro ceMeftcTBa HHceji {x K G K : x K > 0, k G 
Zl}, ecjin pH,n X^ K 6Z d x k cxo^htch, T.e. cyraecTByeT npe^eji lim J2 K ei, d (k) x - 

TO ^JIH JII060H nOCJie^OBaTejIBHOCTH nO^MHOJKeCTB {Z n C Tj d +) n G Z + }, Ta- 

khx, hto cardZ„ < oo, Z n C Z n+ i,n G Z + , h U„ e z + ^ri = cnpaBe^jiHBO 

paBeHCTBO ^ KeZ d = li m n^oo X]kGZ„ X k- OTCIOfla HeCJIOJKHO nOHHTB, HTO 

ecjin ^jih ceMeiicTBa BeKTopoB {x K G X, /t G Z+} 6aHaxoBa npocTpaHCTBa 
X pafl Xl K ez| II^kIU cxo^htch, to fljia jnoGoii nocjie^OBaTejiBHOCTH noflMHO- 
>KecTB {Z n C Z^,n G Z + }, Taxnx, hto cardZ„ < oo, Z n C Z n+ i,n G Z + , h 
U„ e z+^n = Z^, b X co6jiK)flaeTCfl paBeHCTBO Y^ K & d + x * = limn->oo Y,^z n 
IIpH deN flJIH x G M d o6o3HaHHM 

•DDTfx) = max x,-, 
i=i,...,d 

= card{j G {1, . . . , d} : Xj = Wl(x)}, 
c(x) = card{j G {1, . . . , d} : Xj = m(x)}. 

Cjie^yioiiiHe Tpn jieMMbi HcnojiB3yK>TCH b §3 npn ou,eHKe tohhocth npn- 
GjiHJKeHHii Ha ocHOBe paccMOTpeHHBix TaM KpaTHBix pa^oB. 
JleMMa 1.2.2 

riycTB d G N, P G a G R d h QJt(/5 1 ct) > 0. Tor^a cymecTByioT koh- 
CTaHTBi c±(d, a, (3) > h C2(rf, a, /3) > Taxne, hto ^jih r G N co6jno^aeTca 
HepaBeHCTBO 

Ci2 OT(/3- 1 a )r r C(/3- 1 a)-l < < c^W' 1 !*)* jAP~ l _ (1.2.2) 

K£Z|:(K,/3)<r 

JleMMa 1.2.3 

IlycTB deN,tt,^e R+. Tor^a cymecTByioT KOHCTaHTBi cs(d,a, > h 
C4(d, a, 0) > TaKHe , hto npn r G N cirpaBe^jniBO HepaBeHCTBO 

C3 2-m(/3- 1 a)r r c(/3- 1 a)-l < ^ 2 ~( K ' a ) < C 4 2~ n l (/3 _1 a)'' r c(/3- 1 a)-l _ ^ 2.3) 

KeZ^:(K,/3)>r 

JJ,oKa3aTejiBCTBo jieMM 1.2.2 h 1.2.3 npHBe^eHo b [6]. 
JleMMa 1.2.4 
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IlycTb d e N, (3 e R+, e > 0, r > 0. IlycTb eme J C {1, . . . , d} - HenycToe 
noflMHOJKecTBo, J' = {1, . . . , d}\ J nc = card J. Tor^a cymecTByeT KOHCTairra 
c$(d, (3, e, r, J) > TaKaa, hto fljia jiioGoro sGN BBinojmseTca HepaBeHCTBo 

k€L\ :s-K(k,P)<s 

/JoKaaaTe jibctbo . 

B caMOM ^ejie, HcnojiB3yH HepaBeHCTBo 

card{/t e Z d + : r-1 < (k, a) < r+1} < c (d, a)(r+l) d_1 , a eR d + ,r e Z + ,de N, 
HMeeM 

^ 2-^ j '^')(i + ( K j ',/3 j ')r 

kSZ^:s-1<(k,/3)<s 

<^ £ 2-^' 7 '^')(l+(/ t J ',/3 J '))^ 

i=1 K- 7 e(Z^) J ,K" , 'e(Z|)- 7 ':j-l<(K J , / 3- 7 )<i,s-i-l<(ff 7 ',^- / ')<s-i+l 

= E E E 2-^ / '^')(l + (^,^'))^ 

i=l «-'g(Z^) J :i-l<(K- 7 ,/3- 7 )<iKJ'6(Z|)J':s-i-l<(K- 7 ',/3- 7 ')<s-i+l 

<E E E 2-<s-^\ s -i+2y 

i=l K J &(1 d + )J :i-l<( K J ,/3 J )<i k j ' e(Zf) J ' :s-i-l<(K J ' ,f3 J ')<s-i+l 
s 

< ^V e(s ^ 1) (s-i + 2) r card{/t J e (Z^) J : i - 1 < (/t J ,/3 J ) <i + l}x 
i=i 

card{/t J ' G (Z^) J ' : s - i - 1 < (k j \ f3 J ') < s - i + 1} 

s 

< 2^ s - l - 1 \s - i + 2) T (i + l)'- 1 ^ - i + l)^- 1 
i=i 

< (s + l) c_1 2^ (fe - 1) (A; + 2) T (k + l) 4 *-'" 1 

fc=0 

oo 

< 2 C ~V^ ^2~ e{k - l \k + 2) r {k + l)^- 1 = cgs^.D 

fc=0 

1.3. B 3tom nyHKTe npnBe^eM HeKOTopbie BcnoMoraTejiBHBie yTBepac^e- 
hhh, KOTopbie HcnojiB3yioTC5i b cjieflyioiHeM nyHKTe h ^ajiee. 
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KaK noKa3aHo b [7], [8], cnpaBe^jiHBa 
JleMMa 1.3.1 

IlycTB d G N, 1 < p < oo. Tor^a 

1) npn j = l,...,d ,zyiH jiio6oro HenpepBiBHoro jiHHeHHoro onepaTopa 
T : L P (I) i — y L p (I) cymecTByeT e,HHHCTBeHHBiH HenpepBiBHBin jiHHeHHBiii one- 
paTop T- 7 : L p (I d ) i — y L p (I d ), fljis KOToporo fljia jho6oh cpyHKHHH / G L p (I d ) 
noHTH fljia Bcex (xi, . . . , Xj^i, Xj+i, . . . , Xd) G b L p (7) BBinojiHHeTCH pa- 

BeHCTBO 

(Vf)(x u . . . ,Xj-!, ; X j+1 ,. . . ,X d ) = (T(f(x U . . . ,Xj-!, ; X j+1 ,. . . ,X d )))(-), 

(1.3.1) 

2) npn 3tom, rjik Ka>K^;oro j = l,...,d oTo6pa>KeHHe Vj p , KOTopoe 
Kaac^oMy onepaTopy T G B(L p (I) , L p (I)) CTaBHT b cooTBeTCTBiie onepa- 
Top Vj P {T) = T J G B(L p (I d ), L p (I d )), ynoBjieTBopHiomHH (1-3.1), HBjiseTcs 
HenpepBiBHBiM roMOMopcpH3MOM GaHaxoBofi ajire6pBi B(L P (I), L P (I)) b 6a- 
HaxoBy ajireGpy B(L p (I d ), L p (I d )), 

3) iipH^eM, ,zyiH jiio6bix onepaTopoB S,T G B(L P (I), L P (I)) npn jiio6bix 
i,j — l,...,d:i^j, co6jno^aeTCJi paBeHCTBo 

(V^(S)V^(T))f = {V^ p {T)V^ P (S))f , f G L p (/ d ). (1.3.2) 

3aMeHaHHe. 

Ecjih npn d e N, 1 < p < q < oo, onepaTop T G B(L p (I), L p (I)) fl 
B(L g (I), L q (I)), to npn j = 1, . . . , fljis / G L q (I d ) cupaBe^jiHBo paBeHCTBo 
(V Lp T)f = (V^ q T)f. riosTOMy chmbojibi L p ,L q b KanecTBe hh^ckcob y Vj 
mojkho onycKaTB. 

1.4. B 3tom nyHKTe 6ynyT nocTpoeHBi ceMeflcTBa onepaTopoB npoeKTH- 
poBaHHH Ha no^npocTpaHCTBa KycoHHO-nojiHHOMHajiBHBix cpyHKHHH, h onn- 
caHBi hx cBoiicTBa, KOTopBie ncnojiB3yioTCH b n. 2.2. npn ^0Ka3aTejiBCTBe 
ochobhbix pe3yjiBTaTOB paGoTBi h b n. 3.3. npii npHMeHeHHH sthx pe3yjiBTa- 

TOB. 

Otmcthm cpa3y, hto cnpaBe^jiHBOCTB Bcex yTBepxc^eHHii, npHBe^eHHBix 
b 3tom nyHKTe 6e3 ,n;oKa3aTejiBCTBa, ycTaHOBjieHa b [5]. 

fl^jis (i 6 N,i,|/ e l d 6yn;eM nncaTB x < y(x < y), ecjin fljis Ka5K,n;oro 
j = 1, . . . , d BBinojiHaeTCH HepaBeHCTBo Xj < Vj(xj < yj). 

JXjih d G N,m,n G Z d : m < n, o6o3HaHHM 

d 

Kn = Z d : m < v < n} = ]J^ n , 

j'=i 

Ilpn d G N fljia t G M d nepe3 2* 6ya;eM o6o3HaHaTB BeKTop 2* = (2* 1 , . . . , 2 td ). 
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JJjiz d G N, k G Z d , v G Z d oGosHaHHM nepe3 xjj xapaKTepiicTHiecKyio 
(pyHKi^Hio MHoacecTBa Q d u — 2~ K v + 2~ K I d . IIohhtho, hto npn d G N, k G 
Z d , v G Z d HMeioT MecTo paBeHCTBa 

3=1 3=1 

BBe^eM b paccMOTpemie npocTpaHCTBa KycoHHo-nojiiiHOMiiajiBHBix cpyHK- 

J^Jia. d G N, Z G h k G Z^ nepe3 "P^ oBosHaniiM jiHHeftHoe nofliipo- 
CTpaHCTBO b L 00 (I d ), cocTonmee H3 (pyHKunft / G L OQ (I d ) 1 fljia KaJKfloft H3 
kotopbix cymecTByeT Ha6op iiojihhomob {f v G "P d,i , z/ G A/^ 2 «- e } TaKofl, hto 

Ilpn onpe^ejieHHH onepaTopoB upoeKTiipoBaHiisi Ha no,n;npocTpaHCTBa V d ' 1 
HcnojiB3yioTC5i onepaTopBi 113 cjie^yioiri;ero npe^jiojKeHHH. 
IIpeflJioJKeHHe 1.4.1 

llycTB d G N, I G 1%. Tor^a fljia jiio6oro 5 G h x° G R d fljia Q = x° + 
5I d cymecTByeT e^HHCTBeHHBift jiiih6hhbih onepaTop Pg'^o '■ L\(Q) 1— > V d '\ 
o6jia^;aioiri;HH cjieflyroiiniMH CBoftcTBaMii: 

1) fljiH / G V d ' 1 HMeeT MecTo paBeHCTBo 

p s,i°(f \o) = /' 

2) 

kerPg = I / G Lx(Q) : | /(x)^(x) dx = \/g £ V d > 1 }, 

Q 

npnieM, cymecTByioT KOHCTaHTBi Ci(d, I) > h c 2 (rf, I) > TaKiie, hto 

3) npii 1 < p < 00 fljia / G L P (Q) cnpaBe^jiHBo HepaBeHCTBo 

\\ P 5,i°f\\Lp(Q) - C l|l/IU P (Q)> 

4) npn 1 < p < 00 jxjik / G L p (Q) bbiiiojihsi6tc5i HepaBeHCTBo 

ll/-^/lkw) < c *J2 5 i 1/P ( / / |a^V(*)I^0 1/p - 

7 = 1 "' <5 J' B1 ^Q(i,+l)«e, 
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JXjik d G N, I, k G Z+,z/ G Afo2 K ~e onpe^ejiHM Henpept.iBHt.iii jiHHeftHBiH 
onepaTop SjJ, : Li(I d ) i— >■ V d ' l (I d )n Lco(/ d ), nojiarasi fljia / G sHane- 
HHe 

npn 5 = 2~ K ,x° = 2~ K z/ (cm. npe^jioaceHHe 1.4.1). 

Oupe^ejiHM npn d G N, I, k G jinHeftHBin Henpept.iBHt.iH onepaTop 
E d J : Li(I d ) h-> n ^(7^) paBeHCTBOM 

J#7 = E (^/)xi„/Gii(^)- 

Cjieflyiomaa jieMMa 6yn;eT nojie3Ha kbr b stom nyHKTe, Tax n b n. 2.2. 
JleMMaa 1.4.2 

IlycTB d G N h /c, /c', z/, i/' G Z d TaKOBBi, hto re' < k, a n Q d ,y 0. 
Tor^a HMeeT MecTo BKjnoneHne 

C Qty. (1.4.2) 
/^oKasaTe jibctbo . B ycjioBHHx jicmmbi, BBi6npan x G Q d u fl Q^/y, HMeeM 

2" K z/ < x < 2" K V + 2~ K ' 

H 

2~ K V < x < 2~ K z/ + 2" K , 

OTtcyna 

v < 2 K ~ K 'v' + 2 K - K ' 

H 

2 K - K V < i/ + c, 

a, cjie^oBaTejiBHo, 

v < T- K 'v' + 2 K ~ K ' - e 

H 

2 K ~ K V < 1/ 

HJIH 

2 K ~ K V < v < Y- K 'v' + 2 K ~ K ' - e . 

IIoSTOMy flJIfl X G v BBinOJIHHIOTCH COOTHOHieHHS 

2" K z/ < x < 2~'V + 2^ 
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a, 3HaHHT, 

2~ K 2 K - K V < 2~ K u < x < 2~ K v + 2~ K < 2- K (2 K - K 'u' + 2 K ~ K ' - c) + 2~ K 

HJIH 

2~ K V <x< 2' K ' V + 2~ K ' , 



T.e. x g Q% y n 

H3 (1.4.2) cjie^yeT, hto npn d G N, / G Z+ fljiH «, «' G Z+ : k' < k, 
cnpaBe,n,jiHBO BKjnoHemie 

V d J C Vf. (1.4.3) 

3aMeTHM, hto BBH^y (1.4.3) npn d G N, Z, k G Z^ fljia e G T d : /(e) C 
/(ft), cnpaBe^jiHBo BKjnoHemie "P^-e C P^''- 

IlpHHHMaH bo BHHMaHiie 3to o6cTOJiTejibCTBo, npH d G N, /, k G orrpe- 
^ejiHM jiHHeiiHbiH HenpepbiBHbift onepaTop : Li(I d ) \-¥ V d J D L^I 4 ), 
nojiaras 

= E (- e ) e ^- 

eeTd :/ ( e ) C /(«) 

JleMMa 1.4.3 

IlycTb d G N, /, k G Z+. Tor^a HMeeT MecTo paBeHCTBo 

d 

& = 11^(8%'). (1.4.4) 
j'=i 

JleMMa 1.4.4 

IlycTb d G N, I G Z^. Tor^a cnpaBe^jiHBbi cjie^yiomne yTBepjK^eHHH: 

1) npii k G Z+ fljis / G P^'' co6jiio^;aeTCH paBeHCTBo 

= /; (i-4.5) 

2) npii k G H^po 

ker = | / G L^I*) : | dx = \/g £ V d J 

id 

JleMMa 1.4.5 

IIpH d 6 N, I e ^jih «' G Z^ coGjiio^aiOTca paBeHCTBa 

£f^=(f' npHK : K ; (1.4.6) 

(J, npn k^k. 
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IlpH d G N, I, k G Z+ nojio>KHM 

= £ d J(T d /) C Vf. 

JleMMa 1.4.6 

IlycTb d£N,I,/c£Z|. Tor^a cnpaBe^jiHBbi cjieflyioiHHe cooTHoineHiisi : 
1) 

Off*' = q^; (1.4.7) 
2) fljiH jiio6i>ix /, g G L\{I d ) BBinojiHaeTCH paBeHCTBo 

/ (S d Jf)-gdx = [ f-(S d Jg)dx; (1.4.8) 

3) 

ker£^ = {/££!(/<*): / fgdx = WgZ«tf*\ 

J Id 

4) fljia k' e : k' ^ k, n f, g E Li(I d ) BepHO paBeHCTBo 

/ (e?f)(£y 9 )dx = 0. (1.4.9) 

Otmcthm HeKOTopbie oco6eHHocTH no,n;npocTpaHCTB ^Pf' z , d G N, I, k G Z+. 

IlpH d G N, / G Z+ fljia /t G Z+, J = J(k),p G J\fQ 2K - XJ _ e o6o3HaHHM 
nepe3 if^ no,n;npocTpaHCTBO b L 00 (Q d _ Xjp ), cocTOHiu;ee H3 cpyHKHHH h, fljia 
KajK^ofl H3 KOTopbix cymecTByeT cpyHKHHH g G 93^'' Taxaa:, hto /i = g \ d 

, a nepe3 U d ' l p : >->■ H d ' l p o6o3HaHHM jiHHeftHoe oToGpanceHHe , KOTopoe 
Ka>K^;oMy g G ^ d ' 1 cTaBHT b cooTBeTCTBHe h = U d f p g — g \qd , o6o3HaHHM 

em;e nepe3 H dd npaMoe npoH3Be,n;eHHe H dd = Y[ P eM d ^'i npocTp&HCTB 

0,2 K ~X./-c 

H d ' l p , a TaKxce nepe3 U dd : ?fi d ' 1 >->■ H dd - oTo6pa>KeHHe, KOTopoe KaxcflOMy 
g G ty^' 1 conocTaBjisieT h = {h p , p G A/"q 2K _ XJ _ e } c KOMnoHeirraMH h p = 
UVg,peAf d 2K _ Xj _ t . 

CnpaBe^jiHBa 

JleMMa 1.4.7 

Hpn d G N, /, k G Z+ oTo6pa>KeHHe (7^ aBjiaeTca H30MopcpH3MOM ?fi d ' 1 
Ha if*'. 

flajiee, npn d G N fljia k G Z+ h z/ G Z d o6o3HanHM nepe3 oTo6pa- 
>KeHHe, KOTopoe Ka>K^;oii cpyHKHHH /, 3a^aHHofl Ha HexoTopoM MHoacecTBe 
S C M d , cTaBHT b cooTBeTCTBHe cpyHKHHio ,,/, onpeflejiaeMyio Ha MHonce- 
CTBe {x G M d : 2~ K v + 2- K x G S} paBeHCTBOM' (A d J)(x) = f(2~ K u + 2~ K x). 
Tax Kax fljia k e Z d + ,v e Z d OTo6pa:sceHHe M. d 3 x h-> 2~V + 2~ K :r G M. d 



12 



- b3&hmho o^HosHaHHo, to oTo6pa>KeHHe A d v jiBjiJieTCJi SneKHHefi: Ha ce6ji 
MHoacecTBa Bcex (pyHKiniH c o6jiacTBio onpe^ejieHHH b R d . 
JleMMa 1.4.8 

UpH d G N, I G Z+,k G Z+,J = J(k),p G A/" d 2K _ x/ e oTo6pa>KeHHe 

^4f_v « lw d .' HBJIHeTCH H30MOD(pH3MOM H KO d,l Ha if^''. 
ripH d G N, /, K G Z+ nOJIOJKHM 

9^' = dim«p£'. 

JleMMa 1.4.9 

HycTB d G N, Z, k G Z^, J = < p < oo. Tor^a HMeeT MecTO 

paBeHCTBO 

^d,i = j H d,i 2 («- Xjl ») j (1.4.10) 

H MOJKHO nOCTpOHTB JIHHeHHBIH H30MOp(pH3M HO^npOCTpaHCTBa *}3f'' Ha 

npocTpaHCTBO Mr^"' , oGjia^aroiirHH TeM cbohctbom, hto fljia g G ?fi d ' 1 BBinoji- 
hjhotch HepaBeHCTBa 

osIMImj*) ^ a-^^n^n^j., < c 4 |b|| ip(Jd) (1.4.H) 

C HeKOTOpBIMH KOHCTaHTaMH C3 > 0, C4 > 0, 3aBHC5HHHMH TOJIBKO OT d,l,p. 

JleMMa 1.4.10 

IlycTB d G N, I G Z^, J C {1, . . . , d} : J 7^ 0, h cnereMa cpyHKHHH 
0f ,J G Loo(R d ),i = 1, . . . , IRJJ TaxoBa, hto 0f i,J (x) = npn x G R d \ I d , i = 
1,...,^, a 

{^ , ' J | J -Gq3g,i = i,...,9iJJ} 

HBjiaeTcs opTOHopMHpoBaHHBiM 6a3HcoM b fl L,2(I d ). Tor,na fljis jiioGoro 
k G Z°[_ : J(k) — J, CHCTeMa cpyHKHHH 

{2{K - XJ ,, ) /2 (j) d,i,j {2K - XJx _ p)ti = h .^ pe < 2K _ XJ _J 

o6pa3yeT opTOHopMHpoBaHHBin 6a3Hc b < $ d > l r\L 2 (I d ), H^JIH / G Li(I d ) nOHTH 
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flJIH BCeX X G I d BbiriOJIHHeTCH paBeHCTBO 



&f){x) = £ 2(K " XJ,e) 



i=i,...,x$' l J ,peAf^ K _ 



,pGA/" d „_ V7 

x (| ^ 0^ J (2^ - p)/(y)^0f ' J (2 K ^:r - p). 



K-XJ,P 

(1.4.12) 

/JoKasaTe jibctbo . 

Tot cpaKT, hto cncTeMa cpyHKiriiH 

{2 (-x^)/2^j (2K - XJx _ = i, . . e < 2K _ XJ _J 

o6pa3yeT opTOHopMHpoBaHHBift 6a3Hc b ^3f'' flL2(/ (i ), Jierxo ycTaHOBHTB , hc- 
nojib3ya jieMMBi 1.4.7 h 1.4.8, a Taicsce coothoihchhsi 

tf' ,J (2^ J i - P) = 0, npnx G M d \ g^_ XJ)P , i = l,..., Wg, p G < 2 ._ XJ _ e ; 

ii paBeHCTBO (1.4.10). 

PaBeHCTBO (1.4.12) BBiTexaeT H3 (1.4.6), (1.4.7), (1.4.8) h pa3Jio)KeHHH 

BeKTOpa B OpTOHOpMHpOBaHHOM 6a3Hce. □ 

Otmcthm em;e, hto b ycjioBHHX jicmmbi 1.4.10 b cnjiy BKjnoHemrH C 

jydj H c yTj eT0M (1.4.1) HMdOT MeCTO COOTHOHieHHJI 



(0f ' J ) \ Qij ,£ V d \Q d XJ ^l v G jV d 2XJ _ e ,i = 1, . . . ,SRg. (1.4.13) 



1.5. B 9tom nyHKTe co^epxcaTCJi yTBepjK^eHHH, KacaioiHHecji annpoKCH- 
MauiioHHBix cbohctb onepaTopoB npoeKTHpoBamiH, nocTpoeHHBix b n. 1.4., 
KOTopBie noHa^o6HTC}i b cjie^yioinirx naparpacpax. 

H3 [7], [8] MOJKHO H3BJieHB jieMMy 1.5.1. 

JleMMa 1.5.1 
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IlycTb d G N, I G N d , 1 < p < oo. Tor^,a cymecTByioT KOHCTaHTBi 
Ci(d,l) > 0,c 2 (d) > 0,c 3 (d,l) > h c 4 (d, I) > TaKiie, hto ajih jiio6oii 
(pyHKHHH / G L p (I d ) npn /c G cnpaBeflJiHBBi cooTHonieHira 

II/-^-7IIm^)< 

< Cl ST2^([ [ f(x)\*dxdt) %0 (1.5.1) 



3^ 3 



j=1 \Jc 2 2- K 3Bi J(I*)i j( , 

npn m(/c) — > oo, 

II^K i_e /IU p (/ d ) < c 3||/||L p (/ d ), 

ll^-VIk^) < C4||/|| M ^)- ( L5 - 2 ) 

H3 (1.5.1) h jieMMbi 1.2.1 BbrreKaeT 
Cjie^cTBHe 

B ycjioBHHx jieMMbi 1.5.1 ,zyiH / G L p (I d ) b upocTpaHCTBe L p (I d ) HMeeT 

MeCTO paBeHCTBO 

B [5] ycTaHOBjieHa 
Teopeivia 1.5.2 

LlycTB d G N, Z G N d . Tor^a fljia jno6oft (pyHKHHH / G L 2 (I d ) cnpaBe^jiH- 

BO paBeHCTBO 



§2. TeopeMa rana JlHTTjiByna-IIsjiH 

H OD,eHKa CBepxy HOpMBI (pyHKHHH ll/llx, (/d) 

nepe3 HopMBi npoeKUHft \\£k' 1 f\\L p (i d ) 

2.1. B 3tom nyHKTe npnBe^eHBi BcnoMoraTejibHBie yTBepac^eHHa, Ha koto- 
pbie onnpaeTcs ,n;oKa3aTejiBCTBo saHHMaromeft ueHTpajiBHoe MecTo b paGoTe 
jieMMBi 2.2.1. Bee yTBepac^eHKH, ,noKa3aTejiBCTBO kotopbix onymeHO, b3htbi 
H3 [9, rji. I]. 

^jih jioxajiBHo cyMMHpyeMoii b IR d (pyHKHHH / onpe^ejiHM en; m aKCHM ajib- 
Hyio (pyHKinno Mf, nojiaraa: 

M f (x)= sup (1/mes B{x,r)) [ \f(y)\dy, x G R d , 

reR+ JB(x,r) 
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r^;e B(x, r) = {y G M. d : \y — x\ < r}, a \z\ = \\z\\id fljia z G W 1 . 
JTeMMa 2.1.1 

IlycTb d G N. Tor^a cymecTByeT KOHCTaHTa c\(d) > Taxaa, hto fljia 
jik)6oh (pyHKUHH / G Li(R ) npii a G R+ MHoacecTBO {i6l d : M f (x) > a} 

OTKpblTO H BbinOJIHHeTCH HepaBeHCTBO 

mes{iel d :M / (i)>«}<(c 1 /«) / \f\dx. (2.1.1) 



JleMMa 2.1.2 /J,jih / G Li(R ) noHTH fljia Bcex x G R BBinojiHHeTCH 

paBeHCTBO 

/(x) = Um(l/mesS(x,r)) / /(y)^. (2.1.2) 

,H,jih 3aMKHyToro MHoacecTBa F C R d h x G R d nojicoKHM 
p(x) = p(x, F) = min \x — y\. 

yeF 

JleMMa 2.1.3 

IlycTb d G N. Tor^a cymecTByeT KOHCTaHTa C2(c?) > Taxaa, hto fljia 
jiio6oro 3aMKHyToro MHoacecTBa F C R d , fljia KOToporo mes(R d \ F) < 00, 
(pyHKi^HJi M(x), onpe^ejiaeMaa fljia x G F paBeHCTBOM 

M(x) = / p(u)|x-u|- (d+1 W, 

cyMMHpyeMa Ha F h coGjiio^aeTCJi HepaBeHCTBO 

J M(x)dx < c 2 mes(R d \F). (2.1.3) 

JleMMy 2.1.4 mojkho paccMaTpuBaTB k&k HeKOTopBifl yTOHHHroiHiiii Bapn- 
aHT TeopeMbi 3 113 rji. I b [9]. 
JleMMa 2.1.4 

IlycTB d G N. Tor^a cymecTByioT KOHCTaHTBi 03(d) > 0, 04(d) > Ta- 
KHe, hto ,zyiH jiio6oro 3aMKHyToro MHCxacecTBa F C M. d , y KOToporo fljis 

= R d \ F Mepa mesW < 00, cymecTByeT ceMeiicTBo Ky6oB {Q r ,r G N}, 
o6jiaflaK>iH,Hx cjieflyiomHMH cBoftcTBaMii: 

1) fljia Ka>K^;oro r G N Ky6 Q r HMeeT bvlr 

Q r = 2" fe V + 2~ kr I d , (2.1.4) 

r^e k r G Z, z/ r G Z d ; 
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2) 

Q r n Q s = 0, fljiar, s 6 N : r ^ s; (2.1.5) 

3) 

W^ = U reN g r , (2.1.6) 

r^e Q r = 2~ fc V + 2~ kT Y , r G N; 

4) npn r G N cnpaBe^jiHBbi HepaBeHCTBa 

C3diamQr< inf p(x, F) < C4 diamQ r , (2-1-7) 

XGQr 

r^e diam Q = sup x >2/e g |x — y|, Q C M d . 
^OKa3aTejibCTBo . 

IIoCKOJIBKy MHOJKeCTBO W OTKpBITO H Mepa HieS < OO, TO MHOJKeCTBO 

{A; G Z|3z/ G Z d : mi x£ Qd p(x,F) > d 1 / 2 2~ k } - HenycTO n orpaHnneHO 
cHH3y. IIo3TOMy cymecTByeT /c G Z, ,zyiH KOToporo coGjiio^aeTCH paBeHCTBo 
k = min{k G Z\3u G Z d : inf x6 gd p{x,F) > d 1/2 2~ k }. IIojiojkhm J\f = 

{v G Z d : inf^^F) > d 1 /?-*}, a H = {Qj,,,,, : v G A/o}. H 
oupe^ejiHM no HH^yKi^iiii rjir fceN MHoxcecTBa 

M k = {v G Z d : inf F) > d x l 2 2~^ k \ 

Q( fc0+fc)c> , n Q d (k0+k , )t y = 0V«/ G A4', k' — 0, . . . ,k — 1}, 

O fe = {g^ 0+fc) ^:z/GA4.}- 

lIpoBepHM, hto fljiH Ky6oB H3 Ufe e ^ + nfc co6jno^;aioTCH ycjioBHa: (2.1.4) - 
(2.1.7). 

CooTHonieHna (2.1.4), (2.1.5) n nepBoe HepaBeHCTBo b (2.1.7) coGjno^aioT- 
ch no nocTpoemno. IIoKa>KeM, nro BTopoe HepaBeHCTBo b (2.1.7) Taioice Bbi- 
nojmeHO. IlycTB k G Z + , v G M k - Tor^a, ynnTBiBaa, hto M. d = & d Q (k +k-i) ey y 
BBi6epeM v' G Z d , ^jih KOToporo Qf ko+k)CiU D Q^+fc-i) 7^ 0, a, cne^oBa- 
t6jibho, n Q^ 0+fe ) ejl/ nQ^. o+fe _ 1)ejI// ^ 0. Ilpn 3tom, BBH^y (1.4.3) HMeeT MecTo 
BKjnoneHne 

Q d {k +k)z,v c Qfk +k-i)ty- (2.1.8) 

IIpoBepHM, HTO 

inf p(x,F) <d ll2 2~ {ka+k - l) . (2.1.9) 

Ecjih k = 0, to (2.1.9) co6jno^aeeTCH b cnjiy BBi6opa ko. Ilpn k = 1 Bbinoji- 
HeHne (2.1.9) c ynn;TOM (2.1.8) cjie^yeT H3 onpe^ejieHHH MHoacecTB Mq,M\. 
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A npii k G N : k > 1, npe^nojioacHM, hto 

inf p(x,F) > rfV2 2 -(feo+fe-i)_ 
xe< 2(fc +fc-i)*X 

Tor^a BCJie^cTBHe (2.1.8), onpe,n;ejieHHH MHoacecTBa A4 n BKjiioieHHJi z/ G A/l 
MyjiBTHHH^eKC z/ ^ Afc-i, n, 3HaHHT, cymecTByioT j G Z + : j < fc — 1, H 
n E Afj TaKiie, hto 

hto b cHjiy (1.4.2), (2.1.8) Bjien^T BKjuoneHHe 

KOTopoe npoTHBope^HT npHHa^jiejKHocTH v G A/fc. riojiyneHHoe npoTHBope- 
HHe no^TBepjK^aeT cnpaBe^jiHBocTb (2.1.9). C yn^TOM (2.1.9) BBi6npaji fljis 
npoH3BOJibHoro e > tohkh y G F h £ G Q^o+fe-i)cy' TaK ' ht °6i>i 6biJio 
|y - f | < d 1 /22-(feo+fe-i) + e? flJIfl a- e Q d {ko+k)tv , yHHTBmas (2.1.8), HMeeM 



k - y| < k - CI + |y - CI < diamg^ 0+fe _ 1)ey + ^-(^-i) + e 

= 2^/22-^0+^-1) + e = 4d i/2 2 -(fc +fc) + e = 4diamQg ko+fc)eji/ + e , 

OTKy,n;a 

inf F) = inf |x - y\ < 4diamQl +k) + e, 

hto b cnjiy npoH3BOJibHOCTH e > Aa^T BTopoe HepaBeHCTBO B (2.1.7). 

Tenepb nojiy^HM (2.1.6). J^jik x G W, Gjiaro^apa oTKpbiTocTH W, bo3b- 
m^m e > 0, ^jih KOToporo B(xo,3e) C W 7 , h Han^M /c G Z + Taxoe, hto 
rf 1 / 2 2-( fc o+fe) < t BBi6npaH v G Z d , fljia KOToporo x G Q(k +k)e,vi bh^hm, hto 
fljiH a; G Q^ ko+k ^ zu ,y G F BBinojmseTCH HepaBeHCTBO 

|x - y| = |x - aj + x - y\ > \x - y\ - \x - x \ > 3e - diamQ^. o+A . )ei/ 
— 3 e _ ^i/22-(feo+fc) > 3^i/22-(fc +fc) _ ^i/22-(fc +fc) _ 2^i/2 2 -O>+*0 

h, cjie^oBaTejiBHo, 

inf F) = inf | a; - y| > 2d 1/2 2~ {k,+k) > d l/2 2~ {ko+k) . 
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npHHHMaa bo BHHMaHHe cKa3aHHoe, nojiynaeM, hto earn v G A4, to xq G 
U r eN<5 r - Ecjih :sce v ^ A4, to corjiacHO onpe^ejiemiio Af k cymecTByioT j G 
Z + : j < k, u' G Afj Taxne, hto 

H, 3HaHHT, (cm. (1.4.2)) 

Q{k +k)z,v C ^(feo+^OeX' 

a d d 

Q{k +k)z,v C ^(fcoH-jOeX' 

T.e. rr G Cf {ko+j)t y C U reN Q r .D 
IIpefljiojKeHHe 2.1.5 

IlycTb d G N. Tor^a cyuxecTByeT KOHCTaHTa C^{d) > TaKH, hto fljia 
jiio6oh (pyHKUTffl / G Li(R d ) iipn jik>6om a G R + cyuxecTByioT 3aMKHyToe 
MHoacecBo F C R d h ceMeiicTBo Ky6oB {Q r ,r G N}, co cjie^yiomHMH cboh- 

CTBaMH! 

1) riOHTH ^JIH BCeX X G -F BblllOJIHHeTCH HepaBHCTBO 

|/(x)|<a; (2.1.10) 

2) fljis = R d \ F cnpaBe^jiHBo HepaBeHCTBo 

mesW<(c!/a) \f\dx; (2.1.11) 

3) ,h;jih Ky6oB ceMeiicTBa {Q r ,r G N} co6jiio,naioTCH cooTHoniemiJi (2.1.4) 
- (2.1.7), a Taicsce 

4) npii r G N HMeeT MecTo on;eHKa 

(1/mesQr) \f(x)\dx <c 5 a. (2.1.12) 

CxeMa ,noKa3aT6JiBCTBa npe^jioxceHHsi 2.1.5 B33ra H3 §3 rji. I b [9]. 
^OKa3aTe jibCTBo . 

^jih / G Li(R d ) h a G R+ onpeflejiHM mhojkbctbo F paBeHCTBOM 

F={x6l d : M f (x) < a}. 

BBH^y jieMMBi 2.1.1 MHOJKecTBo W = R d \ F = {x G R d : Mf(x) > a} - 
OTKpBiTo h, 3HaHHT, MHOJKecTBo F - 3aMKHyTo. A H3 (2.1.1) cjie,nyeT (2.1.11). 
Bjiaro^apa (2.1.2), iiohth ,zyiH Bcex x G F HMeeM 

|/(x)| = lim(l/iMBB(x,r)) / \f(y)\dy < M f (x) < a, 

JB(x,r) 
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T.e. BbinojiHaeTCfl (2.1.10). 

B COOTBeTCTBHH C JieMMOH 2.1.4 flJIH MHOJKeCTBa F nOCTpOHM CeMefiCTBO 

Ky6oB {Q r : r G N}, ynpBjieTBopfliomHx ycjiobham (2.1.4) - (2.1.7). 
upoBepKH (2.1.12), npHHHMaa bo BHHMaHHe (2.1.7), npn r G N Bbi6epeM £ r G 
Q r h x r G F Tax, htoGbi co6jno^ajiocb HepaBeHCTBo |£ r — x r | < 2c4diamQr- 
Torfla fljia x e Q r cnpaBe^jiHBo HepaBeHCTBo 

\x — x r \ < |x — £ r | + |£ r — x r | < diamQr + 2c 4 diamQr = c 6 diamQ r = <5r 
HJIH Q r C B(x r , 8 r ). IIosTOMy npn r G N HMeeT MeCTO HepaBeHCTBo 



(l/mesQ r ) / |/(x)|da; < (l/mesQ r ) / \f(x)\dx 

'B{x r A) 



(mes B(x r , 5 r )/ mesQ r )(l/ va.es B(x r , S r )) / \f(x)\dx 

J B[x r ,8 r ) 

= c 5 (l/ mes-B(a; r , <5 r )) / \f(x)\dx < c 5 Mf(x r ) < c 5 a.D 

J B(x r ,5 r ) 

ITpn dGN nepe3 L(R d ) o6o3HanHM npocTpaHCTBo H3MepHMbix no Jle6ery 
cpyHKi^HH b M. d . KaK o6bihho, npn 1 < pi,p2 < oo nofl cyMMoii L Pl (R d ) + 
L P2 (M. d ) noHHMaeTca no^npocTpaHCTBo b L(M. d ), cocTonmee H3 Bcex dpyHKHHft 
/ G L(R d ), fljia KOTopbix cymecTByioT (pyHKHHH f 1 G L Pl (W d ) h f 2 G L P2 (R d ) 
TaKHe , hto / = /i + / 2 . HanoMHHM, hto npn l<pi<p<£>2<oo 
cnpaBe^jiHBo BKjHoneHHe L p (R d ) C L Pl (R d ) + L P2 (R d ). 

TeopeMa 2.1.6 

riycTb d G N, 1 < q < oo, C G R+, Ci G R+ h T : (Li(R d ) + L 9 (R d )) i— >■ 
L(R a! ) - oTo6pa>KeHHe , yzjoBjieTBopnioiHee cjie^yiomHM ycjioBHHM: 

1) fljia jhoGbix f,g G (L^R ') + L 9 (R d )) noHTH fljia Bcex x G R d bbhioji- 
HHeTCH HepaBeHCTBo 

|(T(/ + ^))(x)|<|(r/)(x)| + |(r^(x)|; (2.1.13) 

2) fljiH / G L 1 (R d ) npn a > co6jno,n,aeTC5i HepaBeHCTBo 

mes{a: G R d : \(Tf)(x)\ > a} < (C /a)||/|| Ll(R<J) ; (2.1.14) 

3) fljifl / G L 9 (R d ) npn a > BbinojiHHeTCH HepaBeHCTBo 

mes{x G R d : \(Tf)(x)\ > a} < ((CJa) \\f\\r m ) q . (2.1.15) 



Tor^a npn 1 < p < q cymecTByeT KOHCTaHTa cr(p, q, C , C±) > TaxaH, hto 
fljis jiioGoro OTo6paJKeHHH T : (Li(R d ) + L g (R a! )) h-> L(R d ), noflHHH^HHoro 
ycjioBHHM (2.1.13) - (2.1.15), fljiH / G L p (R d ) HMeeT MecTo HepaBeHCTBo 

||T/|| Lp(Md) < c 7 ||/|| ip(Md) . (2.1.16) 
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2.2. B 3tom nyHKTe ycTaHaBjiiiBaeTcs: aHajior TeopeMbi JIiiTTjiByna-IIajiii 
fljis onepaTopoB {£%' 1 , k G Z^j.}, d£N,l6 (cm. TeopeMy 2.2.4), a 113 Hero 
BBiBCfliiTCH yTBepjK^eHHe , coflepacamee ou,eHKy, oGtHBjieFmyio b Ha3BaHiin 
naparpacpa (cm. cjie^cTBne 113 TeopeMbi 2.2.4). IIpii stom npn ,noKa3aTejib- 
CTBe TeopeMbi 2.2.4 6yneM npn^ep>KHBaTbCH Toro »ce no^xo^a, hto b [3, n. 
1.5.2] b cjiynae TeopeMbi JIiiTTjiByna-riojiii fljia KpaTHbix pH^OB Oypbe. Y6e- 

flHMCa, HTO HMeeT MeCTO 

JleMMa 2.2.1 

HycTb Z G Z + , 1 < p < oo. Tor^a cymecTByeT KOHCTaHTa Ci(l,p) > 
Taxaa, hto npn jiioGom k &N fljia: jiio6oro Ha6opa niiceji a — {a K G { — 1,1} : 
k— 1, . . . , k}, ^jih / G £ p (/) cnpaBe^jiiiBO HepaBeHCTBO 



Otmctiim, hto ^0Ka3aTejibCTB0 jieMMbi 2.2.1 npoBOflHTCH no cxeMe, hc- 
nojib30BaHHoii b [9] npn ,n;oKa3aTejibCTBe TeopeMbi 1 H3 rji. II. 
/loxasaTe jibCTBo . 

CHanajia ycTaHOBiiM cnpaBe^jiiiBocTb (2.2.1) npn 1 < p < 2. IIpHHHMan 

BO BHHMaHIie, HTO flJIH / G Li(M) + /^(R) HMeeT MeCTO BKJIIOHeHHe / |/G 

Li(J), onpe^ejiHM npn k G N OTo6pa>KeHiie T = : Li(R) + ^(R) h- >■ 
L(R), nojiaraa fljia / G (Li(R) + Z,2(K)) 3HaHeHiie 



npn k G N, a = K e {-1, 1} : k = 1, . . . , A;} fljis /, g G (L^R) + L 2 (R)) 




(2.2.1) 



«=i 



0, npiix G R \ /; 

Eti^(^(/k))W,npnxG/. 
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HMeeM 



|(T(/ + g))(x)\ = = + 0= \(Tf)(x)\ + \(Tg)(x)\,xe R \ /; 

A; 

= i/))(x)i = 



K=l 



K=l 

K=l 

k k 



K=l K=l 



K=l K=l 

= I (Tf) (x)\ + \ {Tg) (x) | , no™ fljia Bcex x G I, (2.2.2) 

T.e. BbinojiHHeTCH (2.1.13). 

,H,ajiee, noKaxceM, hto npii k G N, cr = {o" K G { — 1, 1} : k — 1, . . . , k}, fljia 
/ G L 2 (K) h«>0 coGjiicflaeTcs HepaBeHCTBo 

mes{x G R : \(Tf)(x)\ > a} < ((1/a) ||/|| L2(M) ) 2 . (2.2.3) 

B caMOM ^ejie, npn k G N, a = {a K G { — 1,1} : k = l,...,k}, rjik 
/ G L 2 (R) h«>0 BBH^y (1.4.9), (1.5.4) HMeeM 



\(Tf)(x)fdx= / |/))(^)) 2 rfx = 

K = l K' = l 

fc A; 



K=l K' = l 

k 



K = l Jl 



11^''/ 1/ IIL(7) < XI l-f 1 1 mo - 11/ Ij 1 1 mo - 

K=l ne1+ 
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OTKyna, Kax o6mhho, nojiynaeM 
a 2 mes{x ER: \(Tf)(x)\> a} = a 2 dx 

J {xeR:\(Tf)(x)\>a} 

< [ \(Tf)(x)\ 2 dx < ( \{Tf)(x)\ 2 dx < ||/||| 2(M) , 

J {xm:\(Tf)(x)\>a} JR 

H, 3HaHHT, BepHO (2.2.3). 

Tenepb ycTaHOBHM , hto cymecTByeT KOHCTairra Co (I) > TaKaa, hto 
npn k G N, a = {a K G {-1,1} : « = l,...,fc} fljia / e h a > 

coGjiio^aeTcs HepaBeHCTBo 

mes{x G R : \{Tf){x)\ > a} < (C /a)\\f\\ Ll{R) . (2.2.4) 

nycTB k G N, a = {a K G {-1, 1} : k = 1, . . . , A;}, / G Li(R) h a > 0. 

,H,JIH (pyHKI^HH / H HHCJia CK nOCTpOHM 3aMKHyTOe MHOJKeCTBO F, MHOJKeCTBO 

W = M\F h ceMeflcTBo HHTepBajioB {Q r , r G N}, ,h;jih kotopbix coGjiio^aioTcs 
ycjioBHH (2.1.4) - (2.1.7) h (2.1.10) - (2.1.12) npn d — 1. 06o3HaHaH nepe3 
xapaKTepncTHHecKyio (pyHKi^Hio MHoacecTBa A C R, onpe^ejiHM (pyHKi^iin 
5- G Li(R) n L 2 (R) h h G Li(R), nojiaraa 

oo „ 

g {x) = f(x)x F (x) + J^(l/mesQ r )( / f(y)dy)x Qr (x),x G R, 

r=l ^Q 1- 

*h = f-g. 

Hs (2.1.6), (2.1.5) c y™ Toro, hto mes(W^ \ (U r€N Q r )) = (h6o (W\ 
(U re j5jQ r )) C U re pj((5 r \ Qr))-, BBiTeKaeT, hto noHTH fljia Bcex x G R HMeeT 
MecTo paBeHCTBo Xw( x ) — Yl^=iXQr( x )- nosTOMy iiohth fljia Bcex x G R 
nojiynaeM 

/i( x ) = f( x ) - g(x) = f(x)x F (x) + f(x)xw(x) - g(x) 

oo 

= }'{x)xf{x) + f(x)(^2 XQ r ( x )) - 9{x) 

r=l 

oo oo „ 

= /W(EXQ^)) - £(l/mesQ r )( / f(y)dy) XQr (x) 

r=l r=l ^Q 1 - 

oo „ oo 

= ^2(f{x)-(l/m.esQ r ) / f(y)dy) X Q r (x) = ^/i r (x), 

r=l "'Qr r=l 

r^e h r (x) = (f(x) - (1/ mesQ r ) j Qr f{y)dy) X Q r {x). 
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YHHTbiBas (2.1.5), (2.1.6), Ha ocHOBamm (2.1.10) h (2.1.12) 3aKjnoHaeM, 

HTO riOHTH flJIH BCeX X G R BbinOJIHHeTCH HepaBeHCTBO \g(x)\ < C 2 a, H3 

KOToporo BbiTeKaeT ou,eHKa 

IMIL(R) = / |#(z)| 2 cfo< / c 2 a\g(x)\dx = 
jr jr 

» OO „ 

c 2 a / |/(x)xF(a:) + ^(l/mesQ r )( / f(y)dy)x Qr (x)\dx < 

JR r=1 JQr 

p OO p 

c 2 a / \f(x)\xF(x) + ^2(l/raesQ r )\ / f {y)dy\xq r {x)dx = 

JR r=1 JQr 

/i OO /I /i 

C2«( / |/(x)|xf(^)^ + X1 / (VmesQr-)! / /(y)dy|x Qr (x)dx) = 
c 2 a(/ |/(x)|^ + V(l/mesg r )| / f(y)dy\ / < 

JF r=1 </Q r 

c 2 a( / |/(x)|dx + y^(l/mesQ r )( / mesQ r ) = 

JF r=1 jQ r 

« OO p 

c 2 a( \f(x)\dx + J2 / \f(x)\dx) = 

JF r=1 JQ r 

c 2 a / 1/0*0 1 = c 2" / 1/0*0 1<& = c 2 q;||/|U 1 (m). (2.2.5) 

^FU(U» =1 Q r ) JR 

JXjik nojiyneHHJi (2.2.4), (pHKcnpya MHoacecTBO A C R : mes A = h ,zyiH 
i£l\i BBimy (2.2.2) HMeeT MecTo HepaBeHCTBO 

\(Tf)(x)\ = \(T(g + h))(x)\ < \(Tg)(x)\ + \(Th)(x)\, 

BHflHM, HTO 

({x G R : >a}\A)c{x£R: K^WI + l(^)(x)| > a} 

c{iGl: IC^Xa;)! > a/2} U {x G R : \(Th)(x)\ > a/2}, 

H, 3HaHHT, 

mes{a; G R : |(T/)(x)| > a} = mes({x G R : |(T/)(a;)| > a} \ A) 

< mes{x G R : > a/2} + mes{x G R : \(Th)(x)\ > a/2}. (2.2.6) 

Hs (2.2.3) h (2.2.5) bbibohhm 

mes{x G R : > a/2} < ((2/a) ||<?|U 2 (M)) 2 = (2/a) 2 ||^||i 2(M) 

< (2/a) 2 c 2 a||/|| Ll(R) = (c 3 /a)||/|| Ll(R) . (2.2.7) 
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J\jir oueHKH BToporo cjiaraeMoro b npaBoii HacTH (2.2.6) HMeeM 

{x G M : \(Th)(x)\ > a/2} 

= {xeF: |(77i)(a;)| > a/2} U {x G W : \(Th)(x)\ > a/2}, 

a, cjie^oBaTejiBHo, 

mes{a; G R : \(Th)(x)\ > a/2} 
= mes{x G F : \(Th)(x)\ > a/2} + mes{x G W : |(77i)(a;)| > a/2}. (2.2.8) 

BTopoe cjiaraeMoe b npaBoii nacTH (2.2.8) b ciijiy (2.1.11) ynoBjieTBopaeT 
HepaB6HCTBy 

mes{x G W : \(Th)(x)\ > a/2} <mesW< (c 4 /a) / |/|tfa = (c 4 /a) ||/||l i( r). 

(2.2.9) 

YHHTMBaa, hto (Th)(x) = fljia x G R \ /, HaxquiiM, hto 

{iGF: |(r/i)(a:)| > a/2} = {x G (F n /) : |(T/i)(x)| > a/2}, 
a, 3HaHHT, 

mes{:r G F : |(T/i)(x)| > a/2} 

= mes{xG (F f] I) : |(T/i)(a:)| > a/2} < (2/a) ||77i|| Ll(Fn /). (2.2.10) 

,U,jih npoBe^eHHJi oijeHKH npaBoii nacTH (2.2.10) onpe^ejiiiM npn m G N 

(pyHKI^HK) /l^ paBeHCTBOM 



r=l 

h 3aMeTHM, hto BCJie^CTBiie (2.2.2) npn m G N iiohth ,zyiH Bcex rr G (F C\ I) 
cnpaBe^jiHBo HepaBeHCTBO 

m m 

\(Th)(x)\ = |(T(£ K + h'J)(x)\ < \(TK)(x)\ + \(Th'J(x)\, 

r=l r=l 

KOTopoe BjieneT ou,eHKy 



p p no 

\\Th\\ Ll(FnI) = / \(Th)(x)\dx< / (^KT^^D + KTOWI^ 
./.FnJ JFni r=1 

m „ „ 

= £/ \(Th r )(x)\dx + \(Th'J(x)\dx. (2.2.11) 
r=1 ./Far ./.FnJ 
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IIpH r G N ouemiM cBepxy 3HaHeHHJi \(Th r )(x)\ fljia x & F (1 1. 
Ecjih r G N TaKOBO, hto Q r H / = 0, to (Th r )(x) = iiohth fljia Bcex 
iGl. 

nycTB Fn/^0HrGN:Q r n/^0. Tor^a BBH^y (2.1.4), (1.4.2) jih6o 

Qr C /, JIIl6o I G Q r - BTOpoe BKJIIOHeHHe HeB03MO>KHO, nOCKOJIbKy eCJIH OHO 
BepHO, TO F n / C / C Qr, T.e. F fl Qr 7^ 0, ^to npoTHBopeniiT (2.1.6) H 

onpe^ejieHHio IIosTOMy b paccMaTpiiBaeMoii ciiTyarriiH Q r C F Otmcthm, 

HTO 

/ = (IW Qi >B ) U {2-V : v = 1, . . . , 2 k - 1}, 

0,2 K —1 

H, 3HaHHT, 

F n / = (u neArl (F n Qi >B )) u (F n {2- fc z, : ^ = 1, . . . , 2 fe - l}) 

0,2 re — 1 

= ^neM^rnQ^MF n Qin)) U(fn {2-*!/ : i/ = 1, . . . , 2 k - 1}). 

YHHTBiBaji 3to 3aMeHamie, npoBe^eM ou,eHKy CBepxy \(Th r )(x)\ npii r G 
N : Q r n / ^ 0,n G A^ 1 2fc _ 1 : F n Q\ n ^ flJifl x G F n Q£ >n . OiiKCHpy* 
CHCTeMy (pyHKi^iiii 

{0 l= 0: wi} ,7=i,...,<}, 

y^oBjieTBopaiomyio ycjioBHSM jieMMbi 1.4.10 npn d = 1, J = {1}, corjiacHo 
(1.4.12), ripn r G N : Q r D / ^ 0, n G A/" 1 2fc _ 1 : F n Q£ >n ^ 0, iiohth ^jih Bcex 
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x e F f] Q\ HMeeM 



\{Th r ){x)\ 



x 



«=i 



S>( E E 

^(2 K - 1 2 / - p K - 1 )h r (y)dy )(f)i(2 K - 1 x - p K _ x ) 



k-1,Pk-1 



k-1 



X 



k-1 



E— E E 2K 

<pi{2 n y - p K )h r (y)dy)(j) i (2 K x - p K ] 



+1 



E 



E 2 " 



X 



( / 0i(2 K y - p K )h r (y)dy )(/) l (2 K x - p K ) 

3aMeTHM, HTO npH K = 0, . . . , MHOJKeCTBO {p K G : <5« i/0k ^Qk,n 7^ 

0} coctoht H3 e^HHCTBeHHoro sjieMeirra, KOTopbiii o6o3HaHHM p K (n). Heny- 
cTOTa 3Toro MHOJKecTBa cjie,n;yeT 113 BRjnoHemiH Ql, n C / C U^g^i^ 1 Q KtPK , 

a e^HHCTBeHHOCTB, B CHJiy (1.4.2), BBITeKaeT H3 BKJIIOHeHHH Q\ n C Q\ Pk PAR 

!>•■ < XL. , : <<?•„,. n OL, / 0. 

IIpHHHMaji bo BHHMaHne cKa3aHHoe, nojiynaeM, hto npii reN:Q r n/^ 
0,n G A/' 1 2fc _ 1 : F fl (5fe >n 7^ noHTH ^jih Bcex x G F fl <5fc n BbinojiHseTcs: 
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cooTHonieHiie 



fe-i 



\(Th r )(x)\ 



E^-( E T 



K=0 



i=l,...,9tj 



X 



X 



(7 1 0,(2 K 1/ - p K {n))h r {y)dy\u^ ~ pM)) 

k—1 

<X>«+ii( £ r 

K=0 i=l,...,9ti'' 

0i(2 K l/ - p K (n))/i r (y)^^(2 K a: - p K (n))\) 



ip»(») 



fc-i 

<E E 2K 

K=0 i=l,...,gtf'' 



x / 4>i{2 K y - p K {n))h r {y)dy 

^ K,p K (n) 

k-l r 

< c s(0 E E 2 / , ^( 2 ^ - Pn{n))h r {y)dy 



k-l 



C 5 



E E 2 * 



i=l,...,9t} 



1,1 K=0 



<t>i(2 K y - p K (n))h r (y)dy 



k-l 



<j>i( 2K y - Pn{n))h r {y)dy 



= * E E 2 \ 

= * EE 2 " 

i=i,...,x{- 1 «=°'-.fc-i:Oi, / , ((( „ ) nOr#0 



X 



X 1 



</>;(2 K y - p K (n))h r (y)dy 



Q i ,nQ r 



(2.2.12) 



^Jifl oi^eHKH npaBofl nacTH (2.2.12) ycTaHOBHM cnpaBe^jiHBocTb jieMMBi 
2.2.2. 

JleMMa 2.2.2 

nycTb r EN : Q r nl ^®,n E A/" 1 2fc _ 1 : F n Q\ n ^ 0. IIojkbkhm 
t = t( r , n) = max{/t = 0, . . . , fc - 1 : Q\ p ^ n) f)Q r ^ 0}. 
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Tor^a fljia k — 0, . . . , i cymecTByeT v K = v K (r,n) E {0,1} Taxoe, hto cnpa- 
Be,n;jiHBo BKjiioieHiie 

Q r C (2^ +1 \2p K (n) + u R ) + 2-( K+1 )/). (2.2.13) 

^oxasaTe jibctbo . 

IlpejK^e Bcero otmcthm, hto npn k — 0, . . . , fc— 1 b cnjiy (1.4.2) Q\ +1 p C 

Q\,p K {n)i H > CJie^OBaTejlbHO, 

2- K p K (n) < 2^+V+i W < 2^+V+i W + 2~^ < 2"> K (n) + 2~ K , 

HJIH 

2p K (n) < p K+ i(n) < 2p K (n) + 2, 

T.e. 

2p K (n) < p K +i(n) < 2p K (n) + 1, 
a, 3HaHHT, cymecTByeT e K (n) E {0, 1} Taxoe, hto coGjiipnaeTCH paBeHCTBo 

p K+1 (n) = 2p K (n) + e K (n). (2.2.14) 

BBH^y (2.2.14) npn k — 0, . . . , k — 1 HMeeM 

QU(n) = 2"%(n) + 2-7 = 

2- K p K (n) + 2~ K ((2- 1 I) U (2- 1 + 2^1) U {2" 1 }) = 
2~> K (n) + ((2- (K+1) J) U (2- (K+1) + 2- {K+l) I) U {2~ (k+1) }) = 
(2-( K+1 )2p K (n)+2-( K+1 )/)U(2-( K+ ^^ = 
(2^ K+1 )(2p K (n) + e K (n)) + 2~^I)U 
U (2~( K+1 )(2p K (n) + 1 - e K (n)) + 2~^I) U {2~( K+1 )(2p K (n) + 1)} = 

^ + W 1 (n)U(2- (K+1) (2p K (n) + l-^(n))+2- (K+1) /)U{2-^ 1 )(2p K ( ?l ) + l)}. 

(2.2.15) 

^ajiee, npn r E N : Q r D I ^ ®,n E AQ i2 h_! ■ F H ^ 0, k = 0, . . . , i c 
yneTOM (1.4.2) HMeeM 

n <W D n Qr) ± 

h, cjie,n;oBaTejiBHo (cm. (2.1.4), (1.4.2)), jih6o 

Qr C Ql Mn) , (2.2.16) 

jih6o 

Qk,p k (u) C Qr- 
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riocjie^Hee BKjiioHeHiie HeB03M05KHo, 1160 earn oho cnpaBe^jiHBo, to 

(f n Q r ) d (F n Q^ (B) ) d (F n Qj >B ) ^ 0, 

T.e. F C\Q r ^ 0, hto HeBepHO. HTaK, npn r e N : Q r (1 1 ®,n e A r 1 2fc _ 1 : 
F n ^ 0, k = 0, . . . , l co6jiio^aeTC5i (2.2.16). 

Tenepbirpiir G N : Q r nl ^ 0,n G AQ^-i : Fn( ?iL ^ 0, « = 0, . . 
H3 (2.2.16) CK+1 BMecTBo /c h (2.2.14) cjie^yeT (2.2.13). 

^ajiee, npn r £ N : Q r nl / 6 -K^-i : F n Qk,n ^ = l < 
k — 1 cnpaBefljiHBo cooTHonieHHe Q^+i p K+ i(n) H Q r = 0, hto b coeaiiHeHmi c 
(2.2.16), (2.2.15) flaeT BKjiioHeHHe 

Q r C (2-( K+1 )(2p K (n) + l- eK (n))+2-( K+1 )/)U{2-( K+1 )(2p K (n) + l)}, (2.2.17) 

KOTopoe BjieneT (2.2.13), nocKOJibxy (2~^ K+1 \2p K (n) + 1)) ^ Q r , 1160 earn 
(2 _ ( K+1 )(2p K (n) + 1)) G Qr, to b ciuiy OTKpbiTOCTii Q r c yneTOM (2.2.14) 
6y^eT Ql +1<PK+l{n) n g r ^ 0, hto He B ep H o. 

HaKOHen;, npn r G N : Q r (~)I 7^ 0,n G A/' 1 2fe _ 1 : FnQ^ 7^ 0, k = 1 = k-1, 

eCJIH Q\ + i tPK+l (n) n Q r = (5fe, n H Qr ^ 0, TO, KaK H Iipil BBIBO^e (2.2.16), 

nojiynaeM, hto Q r C p +1 ( n )> T - e - BBI W (2.2.14) mvieeT MecTo (2.2.13). 
Ecjih ace npn reN:Q r fl/^,nG -^oV-i : ^ n ^ ®,k = t = k - 1 
nepeceneHHe PK+1 („)n<3r = 0, to 113 (2.2.16) h (2.2.15) BBrrexaeT (2.2.17), 
KOTopoe, KaK h BBirne, BjieneT (2.2.13). □ 

Otmcthm enje, hto npn r G N BBinojiHseTCs paBeHCTBo 



/ h r (x)dx = (f(x) - (l/mesQ r ) / f(y)dy)xQ r (x)dx 

J Q r J Qr J Qr 

= I (/(x)-(l/mesQ r ) / /(</)*/)<fe 

J Q r J Qr 

f(x)dx - (l/mesQ r )( / f(y)dy) dx 

J Qr J Qr 

= I f{x)dx- I f(y)dy = 0. (2.2.18) 

Bo3Bpam;aHCB k (2.2.12), Gjiaro^aps (2.2.16), npn rGN:Q r n/^0,nG 
A/' 1 2fc _ 1 : F fl Q\ n 7^ 0, noHTii fljia Bcex x G F fl <5^ n nojiynaeM HepaBeHCTBO 

|(F/i r )(x)| <c 5 E 2 1 / 0.(2 K |/-p K (n))/i r (y)^|. (2.2.19) 

i=i wi- 1 K=0 Qr 
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OiiKCHpyn fljia Ka>K^;oro r G N Toutcy y r G Q r , npii r G N : Q r fl / 7^ 
0, n G AT 1 2fc _ 1 : F n Q\ n ± 0, « = 0, . . . , l, i = 1, . . . , <R}'\ c yuexoM (2.2.18) 

BBIBO^HM 

0;(2 K ?/-p K (n))/i r (?/)cfo/| = 
(<pi{2 K y - p K (n)) - <pi{2 K y r - p K (n)))h r {y) + ^(2 K y r - p K (n))h r {y)dy\ = 
I / (0 i (2 K y-p K (n))-0 i (2V-p K (^)))^r(l/)^+0i(2V-p K (n)) / Mj/^S/I = 
I / (<M2 K y - p K (n)) - 0i(2 K y r - p K {n)))h r {y)dy\ < 

JQr 

[ - p K (n)) - U^Vr - p K (n))\ • \h r (y)\dy. (2.2.20) 

•JQr 

llpHHHMafl bo BHHMaHHe (2.2.13), (1.4.13), npu rGN:Q r n/^|,ne 
A/" 1 2 fc_ 1 : F n Q\ n ^ 0, k = 0, . . . , t, i = 1, . . . , fljia y e Q r HMeeM 

|&(2"y - p K (n)) - 0i(2V - p K (n))| = 



l(y - yr)^-{4>i{^ K z - p K {n))) \ z=ey+(1 ^ e) y r 
\y - Vr\ sup \^-(<pi{2 K z - p«(n)))| = 

|y-y r |sup |2^(2^-p K (n))|< 
zeQr du 

2 K (diamQ r ) sup \^(2 K z - p K (n))\ < 



< 



Z€Q T 



2 K (diamg r ) sup \Jp.( 2 K z - p K (n))\ 

du 



2e(2-(«+ 1 )(2p K (ri)+^)+2-( K + 1 )/) 



2 K (diamg r ) sup |^(«) 



u&(2~ 1 u K +2- 1 I) 



du 



2 K (diamg r ) sup \-p-(u)\ < c 6 (/)2 K (diamg r ). (2.2.21) 
Coe^HHHJi (2.2.20) h (2.2.21), HaxoflHM, uto npu r6N:Q r n/^f),n6 
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■^~0 2 k ~l '■ F^Ql tn 7^ 0, K — 0, . . . , t, % — 1, . . . , BbinOJIHHeTCH HepaBeHCTBO 

(f)i(2 K y - p K (n))h r (y)dy\ 

< / c 6 2 K (diamQ r )\h r (y)\dy = c 6 2 K (diam<2 r ) / \h r (y)\dy. 

J Q r J Q r 

IIo^cTaBjiHa nocjie^Hioio ou,eHKy b (2.2.19), nojrynaeM, hto npn reN: 
ftn//|,ne -^"oV-i : F n Qk,n ^ hohth Bcex x e F n Q£ >n 
co6jno,n,aeTCfl HepaBeHCTBO 

|(T/i r )(x)| <c 5 ^ ^2%2 K (diamg r ) / M?/)My = 
i=i,...X" K=0 Qr 

c 7 (/)(diamQ r )( /" |/ ir (y)|rf 2/ )J]2 2K = 

"'Qr K=0 

c 7 (diamQ r )( / |/ ir (y)|^)2 2t ^2- 2 ( t - K ) < 

jQr K= Q 



c 7 (diamQ r )( / |/i r (y)|^)2 2t ^2- 2s = c 8 (diamQ r )2 2t / \h r (y)\dy. 

J Qr S = Q J Qr 

(2.2.22) 

3aMeTHM, hto npn r G N b cnjiy (2.1.12) BepHo HepaBeHCTBO 



\h r (y)\dy= \(f(y)-(l/mesQ r ) f{z)dz) XQr {y)\dy = 

J Qr J Qr 

I |/(y)-(l/mesQ r ) f f(z)dz\dy< 

J Q r J Q r 

I \f(y)\dy + (l/mesQ r )\ f f(z)dz\ f dy < 

J Q r J Qr J Qr 

[ \f(y)\dy+ I \f(z)\dz = 2 f \f(y)\dy<c 9 amesQ r . (2.2.23) 

J Q r J Qr ^ Qr 

KpoMe Toro, GjiarcflapH (2.1.7), npn r G N, fljia y & Q r cnpaBe^jiHBo 
HepaBeHCTBO 

diamQ r < c 10 p(y,F). (2.2.24) 

A TaKJKe npn r G N : Q r H I ^ 0,ra G A/J 2 fc_i : ^ n Qk, n ^ 0' fl^ 
x G F n C Q^^) h y € Qr C (cm. (2.2.16)) co6jnoflaeTCH 
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HepaBeHCTBo \x — y\ < 2 1 hjih 

2 l <\x-y\- 1 . (2.2.25) 

IIo^cTaBjiJiJi (2.2.23) - (2.2.25) b (2.2.22), 3aKjiK>HaeM, hto npn r G N : 

Q r n/^t),nG ■A/'oV-i : ^ n ^ ^' noTI ™ ^ JIH Bcex iei?n QiL HMeeT 
MecTo HepaBeHCTBo 

|(T/i r )(x)| < Cn(diam(5r)2 2t Q;mes(5r = Cna(diamQ r )2 21 ' / dy 

JQr 

= c n a I (diamQ r )2 2t cfy < c 12 a I p(y, F)\x - y\~ 2 dy. (2.2.26) 

M.3 CKa3aHHoro hcho, hto npn r G N HepaBeHCTBo (2.2.26) BBinojiHsieTcsi 
nc-HTH fljis Bcex x G F fl /, a, cjie^OBaTejiBHO, 

/ |(T/i r )(x)|dx< / c 12 a(/ p(y,F)|x-y|- 2 dy)dx 
JFni JFni JQ r 

<c 12 a [ [ p(y,F)\x-y\~ 2 dydx. (2.2.27) 

JF JQ r 

IIo^cTaBjiHH (2.2.27) b (2.2.11) h c yneTOM (2.1.5), (2.1.6) npHMeHHH 
(2.1.3), a 3aTeM (2.1.11), npnxoflHM k bbibo^y, hto npn m G N cnpaBe^JiHBO 
HepaBeHCTBo 

\\Th\\ Ll{Fn i) < c 12 a^2 / P(2/> ~ y\~ 2 dydx+ 

r = 1 JF JQ r 

+ / \(Th'J(x)\dx < c 12 a / (V / p(y,F)|x-y|- 2 dy)^+ 
</Fn/ r=1 </Q r 



+ / |(T/i^)(rr)|da; = Ci 2 a / / p(y,F)\x-y\ 2 dydx+ 

JI JF J\J? =l Q T 

+ / \(Th' m )(x)\dx < c 12 a / / p(y, F)\x - y\~ 2 dydx+ 

JI JFJW 

+ J\(Th' m )(x)\dx < c 13 ames(R\F) + J\(Th' m )(x)\dx = 
c l3 amesW+ [ \{Th' m ){x)\dx < c u / \f(x)\dx+ [ \{Th' m ){x)\dx = 

JI JR JI 

c 14 \\f\\ Lim + lm'J(x)\dx. (2.2.28) 
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IXpHHHM&SI BO BHHMaHHe, hto npn 171 G N B CHJiy OH,eHOK (1.5.2) H (2.2.23), 

ycjioBHH (2.1.5) h BKjiioHeHHH / G Li(M) HMeeT MecTo cooTHoineHiie 



J\{Th' m ){x)\dx 

k 



*' / K=l J 1 K=l 

k k 
= E / |/))(x)|dx = J2 W^AKn |/)IU 1( 7) 

«=1 "' / K = l 

fc 

< ^Cisll^lUiC/) = Cis^ll^lU^/) < CisfcH^IUiCR) = 

K = l 

oo oo 

c 15^|| Mii(R) < Ci 5 fc ^ ||^r|Ui(R) = 

r=m+l r=m+l 
00 „ 00 „ 

C15A; / |/i r (x)|dx = C15A; / |/i r (x)|dx < 

r=m+l ^ R r=m+l 
00 „ 

C15A; 2 / |/(x)|da; — )■ npii m — > oo, 

r=m+l 

ii3 (2.2.28) cjienyeT, hto BbinojiHHeTca HepaBeHCTBo 

\\Th\\ Ll{FnI) < cu\\f\\L l{ R). (2.2.29) 

IIo^cTaBjiHH (2.2.29) b (2.2.10), bbibohhm HepaBeHCTBo 

mes{:r G F : \(Th)(x)\ > a/2} < (c 16 /a) \\f\\ Ll (R), 

KOTopoe b coe^HHeHiiii c (2.2.8), (2.2.9) n,aeT ou,eHKy 

mes{x G R : \(Th)(x)\ > a/2} < (c 17 /«) ||/|| Ll(M) . (2.2.30) 

06i.e^,nHaa (2.2.6), (2.2.7) h (2.2.30), npnxoflHM k (2.2.4). ConocTaBjiHH 
(2.2.2) - (2.2.4) c (2.1.13) - (2.1.15), saKjnonaeM, hto npn k G N, a = {a K G 
{ — 1, 1} : k — 1, . . . , k}, 1 < p < 2 fljia / G L P (R) corjiacHO (2.1.16) BepHO 
HepaBeHCTBo 

\\Tf\\ Lp ( R) < Ci||/|| Lp(M) , 

H3 KOToporo cjienyeT (2.2.1) npn 1 < p < 2. CupaBe^JiHBOCTB (2.2.1) npn 
p = 2 ycTaHOBjieHa npn BBiBon,e (2.2.3). 
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Tenepb npoBepiiM coGjupneHiie (2.2.1) npu 2 < p < oo. B caMOM ^ejie, 
npu k G N, a = {a K G { — 1,1} : k — 1, . . . , k}, 2 < p < oo ^jih / G L p (I), 
Hcnojib3ya HepaBeHCTBO Tejib^epa, (1.4.8) h (2.2.1) npn p' BMecTO p ( p' = 
p/ {p — 1) G (1, 2)), HMeeM 

II X> • (#7)lkw = su p / (£>(#7)) • gdx 

«=1 geB(L,,,(I))Jl K=1 

n k k n 

= sup / y"(a«(^>'/) ' 0)<& = sup V a« / (£*''/) • 
geB(L p ,(i))Ji K=1 9 eB(L p ,{i)) K=1 J I 

k n n k 

= sup Va fi / /• (Sl' l g)dx= sup / V((tJ • (£l' l g))dx 

geB(L p ,(i)) K=1 J I geB(L pl (I))Jl K=1 

= sup [f.(J2a K (£y g ))dx< sup ||/|| M /)-||^^(^)|| V 

geB(L pl (I))Jl K=1 geB(L p ,{I)) K=1 



(I) 

■W) — [ 

= ll/lkoo- su p llXX^'^llvoo 

5 efi(V(/)) K=1 

< ll/lkoo • su p cil^pOlbllvw = c ^\\fh P (i) n 

geB(L p ,(I)) 

Cjie^CTBue 

B ycjioBHHx jieMMBi 2.2.1 cynjecTByeT KOHCTaHTa Ci§(/,p) > TaxaH, uto 
npu jiioGom k G Z + ^jih jno6oro Ha6opa uuceji {<t k G { — 1, 1} : k — 0, . . . , k}, 
fljis / G £ p (/) HMeeT MecTO HepaBeHCTBO 

k 

HE^(^'7)IU P (/)<c 18 ||/|U p(7) . (2.2.31) 

K=0 

^oxasaTe jibctbo . 

B caMOM ^ejie, b ycjioBuax jicmmbi 2.2.1, ucnojiB3yH (1.5.2) h (2.2.1), 

BBIBO^HM 



£*«(#7)IImj) < IM#7)lk(7) + II E^'7)lk(') 

K=0 K = l 

= l|£j'7lk(7) + II Z>«(#7)lko < ci 8 ||/IU p( /).n 

Ha ocHOBamiH jicmmbi 2.2.1 ycTaHaBjiHBaeTCH 
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Teopeivia 2.2.3 

llycTb d € N, / G 1 < p < oo. Tor^a cymecTByeT KOHCTaHTa Cig(d, l,p) > 
Taxaa, hto ,zyiH JiioGoro ceMeftcTBa nuceji {a K : k G Z^} BH,n;a a K = 

ll^i^. r ^ e ^ G { — 1, 1} ? ^ e = ajiji / G L p (/ d ) cnpa- 

Be^jiHBo HepaBeHCTBo 

ll£*«- (#'/)IIm") ^ ( 2 - 2 - 32 ) 

,U,OKa3aTe jibctbo . 

CHanajia noKaaceM, hto b ycjioBirax TeopeMbi fljia jiioGoro HenycToro mho 
>KecTBa J C {1, npii jik)6om /c j G (Z+) j h jik>6bix Ha6opax Hiiceji 

{<j£ G { — 1, 1}, Kj — 0, . . . , G J, fljia / G L p (I d ) HMeeT MecTo HepaBeH- 

CTBO 

II E ^ (Il^^-ll/lku-). ( 2 - 2 - 33 ) 

r,ne m = card J. 

^oKasaTejibCTBo (2.2.33) npoBe^eM no iiH^yKr^iiii oTHociiTejibHo m. Ilpn 
m = l, T.e. fljia j = 1, . . . , d, HcnojiB3yH n. 2) jicmmbi 1.3.1, Teopeiviy <J>y6iiHH, 
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(1.3.1), (2.2.31), HMeeM 

ii E < • (vMt j ))f\\ p Lpm = <^ j ))f\\ p Lp{Id) 

k - 

= [ mijrai^ffdx 

Jld Z^o 



= I I \(( V J(J2 <^'))/)(^i, • • .,x j - 1 ,x j ,x j+1 , ...,x d )\ p 
x dxjdxi . . . dxj-idxj + i . . . dxj 

= I 1 i((E <^)/(^i> • • • -,^-+1, • • • ,zd))fo)r 

x dxjdxi . . . dxj_idxj +1 . . . dx d 
= II (E ^^O/fci, ■ ■ ;x j+1 , . . . ,x d )\\ p L (J) 

x <ixi . . . dxj^idxj + i . . . dxd 

< / (ci 8 (^,p)||/(^i, • • • -,^+1, • • - ,^d)IU P (/)) P 

x cfci . . . dxj-idxj + i . . . dxa 
= (c 18 (lj,p)) p / / \ f(x 1 ,...,x j _ 1 ,x j ,x j+1 ,...,x d )\ p 

Jld-1 J I 

x dxjdxi . . . dxj-±dxj + i . . . dx& 

= (c 18 (z,, P )r I \f{x)\ p dx = (^pwh^y, 



OTKy,a;a 



E <(^3/IU p( / d ) < c 18 (^,p)||/|| ip(/d) , (2.2.34) 



K,=0 



hto coBna^aeT c (2.2.33) npn m = 1, J = {j}. 

IlpeflnojioJKHM Tenepb, hto npii HeKOTopoM m : 1 < m < d — 1, orjeH- 
Ka (2.2.33) HMeeT MecTO ,zyiH jiio6oro MHCOKecTBa J C {1, . . . , d} : card J = 
m, npii jiioGom /c J G (Z^) J , jiio6i>ix HaGopax Hiiceji {cr£ G {—1,1},^ = 
0, . . . , kj},j G J, h jnoGoii cpyHKi^HH / G L p (I d ). IloKa>KeM, hto Tor,zi;a Hepa- 



37 



BeHCTBO (2.2.33) cupaBe^jiHBO npn m + 1 BMeero m ,zyiH jiio6oro MHoace- 
CTBa J C {1, . . . ,d} bm6cto J, y KOToporo cardj7" = m + 1, npii jik>6om 
k J G (Z^) 1 - 7 , jiio6bix Ha6opax Hiiceji {c£ G {—1, 1}, Kj — 0, . . . , kj},j G 

H JII060H (pyHKI^HH / G L p (I d ). IIpe^CTaBJIHH MHOJKeCTBO J7" C {1, . . . ,d} : 

card J — m + 1, b BH^e J = J U {i}, i J, c yneTOM (1.3.2) b cnjiy (2.2.34) 
h npe^;nojio>KeHH5i HH,zryKii,HH nojiynaeM 

11 E (II«^(^)))/ik(/-) 

= he<(v^(^))( e (n«^(^)))/)ik^) 
<ci 8 (ii,p)ii e (n«^(^)))/ik^) 

< ci8(Zi,p)(JI c i8(^-.p)) • ll/IUp(/ d ) = (n ci8 ^''P)) ' II/IIm^)' 

ieJ jeJ 

hto 3aBeprnaeT bbibo,h (2.2.33). 

B lacTHocTii, H3 (2.2.33) npn m = d BBH^y (1.4.4) nojrynaeM, hto b 
ycjioBHHx TeopeMBi npn jiio6om k G coSjiiOflaeTCfl HepaBeHCTBo 

d 

ii E ° k ' (^/)iu p( / d) < c 19 \\f\\ LA i^^ = U< 

K&\{k) 3=1 

d 

r ^e a 3 K . G {-1,1}, Kj- G Z+,j = l,...,d,f G L p (I d ),c l9 = Y[c 18 (lj,p). 

3=1 

(2.2.35) 

TenepB yGe^HMCH b cnpaBe^JiHBOCTH (2.2.32). JJflsi npoii3BOJiBHoro ceMeft- 
cTBa weji {a K = ]J d j=1 a{. : a{. G {-1, 1}, j = 1, . . . , d, k G Z^}, cpyHKunn 
/ G L p (I d ) paccMOTpHM nocjie^oBaTejiBHocTB 

{( E *«-(e?f))eL p (l d ),keZ + } 

h, npHHHMaH bo BHHMaHHe (2.2.35), ceKBetmnajiBHyio KOMnaKTHOCTB rna- 
pa B(L p (I d )) OTHOCHTejiBHO *-cjia6ofl Tonojioriiii b npocTpaHCTe L p (I d ) = 
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(L p t(I d ))*, Bbi6epeM no^nocjie^oBaTejiBHocTB 

{ E ° K -(£ d K ' l f)--k n <k n+1 ,neN} 

K& d + {k n e) 

h (pymajnio F G L p (I d ), o6jia^aioiri;He TeM cbohctbom, hto rjir jiio6oh cpyHK- 
iihh g G L p t(I d ) BbinojiHHeTCJi paBeHCTBO 

lim / ( V a K -(£ d > l f))gdx = [ Fgdx. (2.2.36) 

K& d + (k n z) 

3aMeTHM, hto npn jik>6om k, G Z+, Gjiaro^apa (1.4.8), (2.2.36), (1.4.6), fljis 
g G L p r(I d ) HMeeT MecTo paBeHCTBO 

/ (S d jF)-gdx= [ F.(S d Jg)dx= lim /( E a^S^f^E^dx 
Jld Jld n ^°° Jli *4SU 

= lim / £ f)).gdx 

K 'eZ|(fe n e) 

= lim / ( E * K ,.EF(S$f))gdx= [ a K .(S d Jf)gdx, 

H, 3HaiHT, 

EFF = a K -(£Ff). (2.2.37) 
y^HTBiBaji (2.2.37), (1.2.1), (1.5.1), saKjironaeM, hto 

E *«-(#7) = E {£?f) = eFf 

CXO^HTCH K F B L p (/ d ) npn m(fc) — >■ oo. IIosTOMy, nepexo^H k npe^ejiy npn 
m(A;) -> oo b HepaBeHCTBe (2.2.35), npnxo^HM k (2.2.32). □ 
Cjie,n;cTBHe 

B ycjiOBHHX TeopeMBi 2.2.3 ,zyiH jiio6oro ceMeftcTBa HHceji {<r K : k G Z^} 
BH^a a K = n?=i (7 i / ; r ^e ^ G {-1,1}, G Z+,j = l,...,d, h jik)6oh 
cpyHKi^HH / G L p (I d ) co6jno^aeTC2 HepaBeHCTBo 



L P (I d ) 



< c 19 || E o« ■ & f)\\L v{ i*y (2.2.38) 



^oxasaTe jibctbo . 



39 



CHanajia noKaaceM, hto npii jiioGom k G Z+, jik>6om Ha6ope Hiiceji {<r K = 
I! -=i < : <■ G 1}, J = 1, • • • , d, « e K( k )h f e £ P (/ d ) ciipaBe^ 

JIHBO HepaBeHCTBO 

II^/IIm^) ^ E ^ • (#'/)IImj*>- ( 2 - 2 - 39 ) 

B caMOM ^ejie, BBimy (1.4.6), (1.2.1) HMeeM 

( E <>«' ^) 2 / = ( E we?eV)f 

Kgz|(fe) K,«'ez|(fe) 

= ( E ^-^)/= E £?f = £Ff- 

OTKy^a, npHMeHHH (2.2.35), bbibo^hm 

ll^/lkwHK £ cr K .£ d K ' l ) 2 f\\ Lp{Id) 

= n E ^-^( E 

<c 19 || £ ^ •(£?/) Ik(, d) - 

Kax bh,ii;ho H3 (2.2.32) h (1.5.1), b HepaBeHCTBe (2.2.39) mojkho nepcMTii 
k npe^ejiy npii m(A;) — > oo, b pe3yjiBTaTe nero nojiynHM (2.2.38). □ 

C noMoinbio TeopeMbi 2.2.3 h cjie^CTBHH H3 Hee, oimpaacB Ha cxeMy ^OKa- 
3aTejiBCTBa TeopeMBi JlHTTjiByna-IIajiH, npnBe^eHHyio b [3] ^jih onepaTopoB 
b3hthh lacTHBix cyMM KpaTHBix pH^oB OypBe, yCTaHaBJIHBaeTCS 

TeopeMa 2.2.4 

B ycjioBHHx TeopeMbi 2.2.3 cynjecTByioT KOHCTaHTBi c 20 (ci, /, p) > 0, c 2 i (d, I, p) > 
TaKiie , hto ^jih jiio6oh (pyHKi^HH / G L p (I d ) BbinojiHsioTcs HepaBeHCTBa 

C2o\\f\\ Lp{Id) <([ (E((^/)( a; )) 2 ) P/2 ^) 1/P ^ C 2ill/ll^(^)- (2-2.40) 

Jld n&X 

,H,oKa3aTe JIBCTBO . 

PaccMOTpHM CHCTeMy Pa,a;eMaxepa, cocroHirryio 113 (pyHKirxiii 
u K (t) = signsin(2 K+1 7rt),t G /, k G Z + , 
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h onpe^ejiHM ceMeiicTBO (pymajHH k G Z+, nojiaraa 



KaKH3BecTHo (cm., HanpHMep, [3]), cymecTByioT KOHCTaHTbi C22(d,p) > 0, 023(0?, 
TaKiie , hto npn jik)6om 6 Zj fljiH jiio6oro Ha6opa HHceji {a K G R, /c G 
Z^(A;)} HMeeT MecTo HepaBeHCTBo 

c 22 ( E a ') V2 <H E a K u d K (.)\\ Lp{Id) < c 23 ( E «D V2 - (2-2.41) 
J\jik / G L p (I d ) npn G Z+, Hcnojib3ya (2.2.39), TeopeMy Oy6iiHii, 

(2.2.41), BblBOflHM 



1^/112,(7-)= l\\ E i l f\\l p{ i^ < / M E uiVHsFfiKwYdt 

K ei d + (k) 

= (^r [ [ 1 E ui(t).(£?f)(x)\>dxdt 

JldJld n&\{k) 

= (^r [ [ 1 E ui(t).(£?f)(x)\*dtdx 

JldJld n&Xik) 

= (ci 9 ) p /j| E (^f)(x)-"i(-)\\ P Lp{Id) dx 

<( Cl9 r /( C23 ( e ((eymx)) 2 ) 1/ ydx 

Id KGZj(fc) 

= (c 24 ) p / ( E ((^'7)(*)) 2 ) P/2 ^, (2-2.42) 

^ K& d {k) 
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h, nojib3yHCb (2.2.41), TeopeMoft Oy6iiHH, (2.2.35), nojiynaeM 

/( E ((£ d /f)(x)) 2 Y /2 dx< f(c 25 \\ E (^/)(x).^(.)|| Lp (/ d) ) p ^ 

= (c 25 ) p / / I £ ^(t).^/)^)!^ 

= (c 25 ) p / / I E ^(*)-(W)(*)l p d*df 

<(c 25 ) p / (c 19 ||/|| M/d) )^t = (c 21 ) 



Pll /IIP 
IIL p (/d)' 



OTKyna, b nacTHocTH, HMeeM 



/( E ((^/)(^)) 2 ) p/2 ^<(c 2 i) p ||/|| P Lp(/d) ,nGZ + . (2.2.43) 

/d K€Zf(nt) 

^jih nojiyneHHJi BToporo HepaBeHCTBa b (2.2.40) ^ocTaTOHHo npiiMemiTB 
xeopeMy JleBH o npe^ejibHOM nepexo^e noj\ 3HaKOM HHTerpajia k mohotohho 
BcepacTaiomeH nocjieflOBaTejiBHOCTH cpyHKUHH {(^ KZ d ^ nz ){{£-i' 1 f){x)) 2 ) p / 2 ^ n G 
Z + }, npiiHHMaji bo BHHMamie (2.2.43) h yniiTBiBasi, hto iiohth pjm Bcex 
x G npe^eji 

lim( E ((^/X*)) 2 ) P/2 

= ( lim E ((^'/) W) 2 ) P/2 = ( E ((^/)(*)) 2 ) P/2 - 

riocjie^Hee paBeHCTBo cnpaBe^yiiiBo b cnjiy Toro, hto npn G imeeT 
MecTO cooTHOineHne 

E (&f)i*)) 2 < E ((^'7)(*)) 2 < E i&f){x))\xel d . 

KGZ^(m(fc)e) K&\{k) k€L\ (£OT(fe) e) 

BBH^y cKa3aHHoro h Ha ocHOBamiii (1.5.1) nepexo^H k npe^ejiy b (2.2.42) 
npn m(/c) — >■ oo, npnxo^HM k nepBOMy HepaBeHCTBy b (2.2.40). □ 
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Ife TeopeMM 2.2.4, Hcnojib3ys coo6pa:sceHHH, npHBe^eHHbie b [2] fljia aHa- 
jioriiHHoro yTBep>K^;eHHa 06 onepaTopax b3hthh nacTHbix cyMM pa^a Oypbe, 

BBIBOflHTCfl 

Cjie,n;cTBHe 

IlycTB d G N, I G Z+, 1 < p < oo. Tor^a cymecTByeT KOHCTaHTa C2e(d, l,p) > 
TaKasr, hto ecjin fljia / G Li(/ d ) pnfl ^ KeZ d f\\ P Lp{Id) cxo^htch, r^e 
p* = min(2,p), to f E L p (I d ) h BBinojiHsieTCH HepaBeHCTBO 

u/ik^ < <*( E ii^/C(/ d) ) 1/p *- ( 2 - 2 - 44 ) 

/JoKasaTe jibctbo . 

B ycjioBHHx TeopeMBi, c noMoiHBio HepaBeHCTBa TpeyrojiBHHKa fljia Hop- 
mbi b npocTpaHCTBe L p / 2 (I d ) npn p > 2, h HepaBeHCTBa TejiB^epa c noKB3a- 
TejieM p/2 npn 1 < p < 2, H3 (2.2.42) bbibo^hm 

ll^/IU^) < C 24 • (|| E ^ l f) 2 \K^)) ll2 < 

C24-(E ||(^/) 2 |U p/2 (/ d )) 1/2 = C 24 -( E ll^/lll(^)) 1/2 ; 

f eL p (I d ),keZ d + ,p>2, (2.2.45) 

H 

\\E d k > l f\\ Lp{Id) <c 24 ([( E ((^/)(x))Y/ 2 ^)^< 

c 24 (/ e i(^7)(^)i^) l/p = c 2 4( e ii^/iIl p (^) 1/p ' 

f e L p (I d ),keZ d + ,l <p<2. (2.2.46) 
3aMeTHM, hto Ha caMOM ^ejie HepaBeHCTBa (2.2.45) h (2.2.46) hmciot 

MeCTO JHOGOH (pyHKHHH / G Li(I d ). 

/JeHCTBHTejiBHO, ecjin A; G Z^ h / G Li(I d ), to npHMeHJUi (2.2.45) b 
cjiynae p > 2, cooTBeTCTBeHHo (2.2.46) b cjrynae 1 < p < 2, k (pyHKHHH 
-Bfe'V G L 00 (I d ) C L p (I d ) h yHHTbiBaa (1.4.5) h to o6cToaTejiBCTBO, hto 
BCJieflCTBHe (1.2.1) h (1.4.6) co6jiio^i;aioTCJi paBeHCTBa 

e?E?f = £F{ E = E £ ? £ 2f 

K'ez d + (k) K'ezf(k) 

= £ d ' l f, npn K G Z* (*), / G Li(I d ), k G Zi, 
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nojrynaeM, hto (2.2.45), cooTBeTCTBeHHo (2.2.46), cupaBe^jiHBo ,zyiH / G 

Otmcthm eme, hto fljia jiio6oro ceMeiicTBa HeoTpnH,aTejibHbix nnceji {a K G 
cymecTByeT npe,n;eji (KOHenHbift hjih GecKOHenHbift) 

lim \2 a K = sup V 

nocKOJiBKy fljiH jnoGbix k,k' G : m(/c) > DJi(k'), coGjiio^aeTca HepaBeH- 

CTBO 

* 

IlycTB Teriept / G L x {l d ) h pji# Y. K ez d + H^/Hl^) cxo^htch. Tor^a, 
c yueTOM 3aMenaHHH, Ha ocHOBamin (2.2.45), (2.2.46) 3aKjnonaeM, hto npn 
k G Z + ciipaBe^jiHBo HepaBeHCTBo 

< <*( £ ll#7ll£ (J -)) 1/p * < 00. (2.2.47) 

IIpHHeM, b CHjiy (1.5.1) nocjie^OBaTejiBHOCTB cpyHKHnn {E^f,k G Z + } cxo- 
,Hhtch k / b Li(I d ), a, cjie^oBaTejibHo, {-E fc ' e /} cxo^htch k / no Mepe. IIosto- 
My cymecTByeT no^rnocjieflOBaTejibHOCTb {E k ' n ^f,n G N}, KOTopan cxo^htch 
k / nouTH Bcio^y Ha I d . IIpHMeHHH TeopeMy <J>aTy o npe^ejibHOM nepexo^e 
nofl 3HaKOM HHTerpajia k nocjie,n;oBaTejibHocTH (pyHKirnft {\E^ 1 c f\ p ,n G N}, 
noHTH Bcio^y Ha I d cxo^THineftcH k |/| p , c yneTOM (2.2.47), npHxo^HM k bhbo- 
,n;y, hto / G L p (I d ) h co6jno,i];aeTCfl (2.2.44) npn 1 < p < 00. CnpaBe^jiHBocTb 
(2.2.44) npn p — 1 BbiTexaeT H3 (1.5.3) h HepaBeHCTBa TpeyrojibHHKa fljiH 
HOpMbI b Li(/ d ).D 

B 3 aK jho neHHe otmcthm, hto yTBepjK^eHHH aHajiornnHbie TeM, hto ycTa- 

HOBJI6HBI B 3TOM nyHKTe, nOJiyneHbl aBTOpOM flJIH OpTOnpoeKTOpOB Ha B3aHM- 

ho opToroHajibHbie no^npocTpaHCTBa, cooTBeTCTByronxne KpaTHo-MacniTaGHOMy 
aHajiH3y THna ,H,o6ernH. 

§3. KojiMoropoBCKHH n-nonepeHHHK KjiaccoB (pyHKiniii, 
y^oBjieTBopjHOHi;Hx cMeniaHHbiM ycjioBHHM Tejib^epa 

3.1. B 3tom nyHKTe onpe^ejinM Kjiaccbi cpyHKinift, paccMaTpHBaeMbie b 
3tom naparpacpe, h npuBefleM cBe^eHHH, Heo6xo^HMbie fljia BbiBo^a oneHKH 
hx nonepenHHKOB. 
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fljin oGjiacTH D C M. d h BeKTopoB h E M, d a I E Z+ uepe3 D l h o6o3HauiiM 

MHOJKeCTBO 

= {x E D : (x + e e ( 7< V (0 }- 

je/(i) 

IlycTb deN,D- o6jiacTb b R d h 1 < p < oo. Tor^a fljia / G L p (D), h E 
M. d h / E Z^ onpe^ejiHM b D l h CMeinaHHyio pa3HOCTB (pyHKiruii / nopn^Ka I, 
cooTBeTCTByiomyio BeKTopy h, paBeHCTBOM 

d 

(Ak/)(x) = ((n 4u)/)(s) = « n A t,)/)w = 

= £ (_ e )'- fe Cf/(x + ^), ^4, 

^ct = Y[ d 3=l c^kEZ d + {i). 

Hiviefl b BH,n;y, hto fljia / G L P (D), I E Z^ h BeKTopoB /i, ft/ G M d : h 1 ^ = 
(h'Y®, co6jiio^aeTCJi cooTHonieHiie 

IIAfe/ILppij = ||A^/|| Lp(D ^), 

onpe,n;ejiHM ,zyiH (pyHKiruu / cMeinaHHBifl Mo^yjiB HenpepBiBHoc™ b L p (D) 
nopaflKa / paBeHCTBOM 

^ l (f,t m ) Lp{D) = supvrai ||A^|| ipK) ,^) G (R*)'<'>. 

{heR d :hS(')etf(')(Bd)sm} 

TenepB onpe^ejiHM KjiaccBi (pyHKiruii, H3yuaeMBie b stom naparpacpe (cm. 
[10], [11]). 

IlycTB a E l<p<oonD - oGjiacTB b M. d . Tor^a 3a,na,HHM BeKTop 
I = 1(a) E N d , nojiaraa lj = min{m G N : aj < m},j — 1, . . . , d, h o6o3Ha- 
hhm uepe3 S p H(D)(S p H(D)) mhojkgctbo Bcex (pyHKiniH / G L P (D), o6jia,n,a- 
iouihx TeM cbohctbom, hto ,zyiH jhoGoto HenycToro MHoacecTBa J C {1, . . . , d} 

BBinOJIHHeTCH HepaBeHCTBO 

sup (t J r aJ ^(f,t J ) Lp(D) = sup (\\tp)^'(f^) Lv{D) <oo(<l). 

t J e{VL d + ) J t J e{R d + y jeJ 

IlycTB a,p, D h I — 1(a) - Te ace, uto h Bbinie, h#gIR:1<#< oo. Toraa 
o6o3HauuM uepe3 S pd B(D)(S pe B(D)) mho^ksctbo Bcex (pyHKiruft / G L P (D), 
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KOTopbie ,zyiH jiio6oro HenycToro mhojk6ctb& J C {1, . . . , d} yuc-BjieTBopjiioT 

yCJIOBHIO 

(/ {t J )^ J - da \^{f,t J ) Lp{D) ) e dt J fl e = 

J(R<l) J 

( / (n*7 l_ ^)(^(/^ /toj) )^P)) e n^) i/e < «^ !)■ 

n P H = oo iiojicokhm Sp 00 B{D) = S^H(D),S^ 00 B(D) = S«H(D). 
Kax H3BecTHo (cm., HanpiiMep, [8]), HMeeT MecTo BRjuoneHHe 

S^B{D) C Cl (a)Spi(D), (3.1.1) 

r A e Cl (a) = n- = i 2l+aj - 

B [5], [8] ycTaHOBjieHa cnpaBe^jiHBocTB jicmmbi 3.1.1 h TeopeMBi 3.1.2. 

JleMMa 3.1.1 

IlycTB d G N, Z G N d , 1 < p < oo, 1 < g < oo. Tor^a cyrnecTByioT 

KOHCTaHTBI C2(d,l,p,q) > H C3(d) > TaKHe, HTO flJIH JII060H (pyHKHHH 

/ G L p (I d ) npn ft G BBinojiHHeTCJi HepaBeHCTBO 



n^-7ik(/-) < n 2^- i+ ^- i M)( f 



(c 3 2- K B d )/( K ) 

(3.1.2) 



r^e t+ = |*|),* G R. 

Teopeivia 3.1.2 

IlycTB d G N, ct G R+, / = /(a), 1 < p < 00, 1 < g < 00. Tor^a cymecTBy- 
eT KOHCTaHTa c 4 (<i, a,p, q) > Taxaa, hto fljis jiioGoh cpyHKUHH / G Spl-L(I d ) 
npn k 6 Z|J. \ {0} coGjiio^aeTCH HepaBeHCTBO 

||^'-7lk(7-) < 0,2-^-^-^^ (3.1.3) 

h npn BbinojmeHHH ycjiOBHJi 

a - (p- 1 - q~ 1 ) + t > (3.1.4) 

b L q (I d ) HMeeT MecTo paBeHCTBo (1.5.3). 

3.2. B 3tom nyHKTe HanoMHHM HexoTopBie cBe^emiH o nonepeHHHKax (cm. 
[12]). 
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IlycTb C - noflMHOJKecTBO GaHaxoBa npocTpaHCTBa X h n G Z + . Tor^a 
n-nonepeHHHKOM no KojiMoropoBy MHoncecTBa C b npocTpaHCTBe X Ha3bi- 
BaeTCJi BejiHHHHa 

d n (C,X) = inf sup inf \\x — y\\x, 

MeM n (x) xeC yeM 

rn,e Ai n (X) - coBOKynHOCTb Bcex njiocKOCTeft M b X, y kotopbix dim M < n. 

OTMeTHM, HTO flJIH CHMMeTpHHHOTO (oTHOCHTejIBHO Hyjlfl) MHOHCeCTBa C 

3HaneHHe BejiHHHHBi d n (C, X) He H3MemrrcH, ecjiH BMecTo coBOKyrmocTii Bcex 
njiocKocTeft pa3MepHocTH He GojiBHie n b onpe^ejieHHH d n (C,X) paccMaT- 
pHBaTB jihhib coBOKynHOCTb Tex H3 hhx, KOToptie npoxonHT nepe3 0, T.e. 
jiHHeflHBix no^npocTpaHCTB. 
IIpefljiojKeHHe 3.2.1 

IlycTb U '. X i — y Y HenpepbiBHoe jiHHeiiHoe oToGpanceHHe GaHaxoBa npo- 
cTpaHCTBa X b 6aHaxoBo npocTpaHCTBo Y h C C X - HeKOTopoe mhohccctbo. 
Tor^a npn n G Z+ cnpaBennnBa ou,eHKa 

d n (U(C),Y) < \\U\\ B{x , Y) d n (C,X). (3.2.1) 

HanoMHHM, hto npn 1 < p, q < oo,n G N fljia x G M™ cnpaBennHBO 
HepaBeHCTBO 

\\x\\in<nP- /q - 1/p)+ \\x\\in. (3.2.2) 

KaK noKa3aHo b [13], cymecTByeT KOHCTaHTa c\ > Taxan, hto h,jih 
n,m G N : n < m, HMeeT MecTo ou,eHKa 

d n (B(l?), IZ) < dn-V^l + log(m/n)) 3 / 2 . (3.2.3) 



3.3. B 3tom nyHKTe c HcnojiB30BaHHeM cjiencTBHH H3 TeopeMBi 2.2.4 npo- 
bohhtch ou,eHKa cBepxy KojiMoropoBCKoro n-nonepeHHHKa Kjiacca Sp d B(I d ) 
b npocTpaHCTBe L q (I d ). Otmcthm, hto bbiboh, stoh oi^chkh HMeeT KaK cxon,- 
ctbo, TaK h otjihhhh ot BBiBo^a nonpGHoft oh^hkh flJIH nepHOHHHeCKHX cpyHK- 

HHH B [2]. 

JleMMa 3.3.1 

riycTB d G N, a G R d + , I = 1(a), 1 < 6> < oo, l<p<oo,l<g<ooH 
BBinojiHeHo ycjioBHe (3.1.4). IlycTB eme J — {j — 1, . . . , d : a 3 — m(a)}, c = 
c(a) — cardJ, a BeKTop (3 G R+ ynoBjieTBopneT ycnoBHHM 

pj = G J; & > 1, Z?- 1 ^' - - > m(a - - e) 

fljiHjG J' = {1,..., 4 \ J. (3.3.1) 
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Tor^a cymecTByeT KOHCTaHTa Ci(d,a,9,p,q, j3) > Taxan, hto ajih / G 
Sp 9 B(I d ) npii jik)6om r G N HMeeT MecTo HepaBeHCTBo 

Ef 2-tn(a-(l/p-l/g) e)r-„(c(a)-l)(l/q* -1/0)+ nDH „ < - 
cd,l— c/mi <C r < ' — 

C K J HL 9 (/d) - 2 -m(a)r r (e(a)-l)(l/p*-l/9) +> npH g < 



KeZ + :(/c,0)>r 



(3.3.2) 



rfleq = min(2,g),p = min(2,p). 
^OKa3aTejibCTBo . 

CHanajia ycTaHOBHM cnpaBe^yiiiBocTB (3.3.2) npn p < q. llpHHHMafl bo 
BHHMaHHe (3.1.1), (3.1.3), (3.1.4), b cootb6tctbhh c (2.2.44), (1.4.6) pjin / G 
Sp 9 B(I d ) npn r G N HMeeM HepaBeHCTBo 

II E f\\L q (i d ) < 

«€Z + :(K,/3)>r 

C2 (E n#'~ e ( E ^ , -7)ii£ (J - ) ) 1/q * = 
<*( E 11 E ^ , - , ^ , -7ii£ (J - ) ) 1/q * = 

c 2 ( £ ll^ , "7ll£ (/ -)) 1/q *- (3-3.3) 
,H,ajiee, fljiH / G Sp 9 B(I d ) npn k G Z+, Hcnojib3yn (3.1.2), bbibo^hm 

ii^'-viktT-) < cs( n 2«^- i+ G'- i -^))( / / , 

| A^ X/M /(x) | p <fodf ;w ) 1/p < C5 2 (K ' (1/p - 1/,?) + e Wx/w (/, c 4 (2- K ) /(K) ) Lp(/d) . 

(3.3.4) 

YHHTBiBaH (3.3.4), fljia / G Sp 9 B(I d ) nojiynaeM 

( E ll^"7ll q MJd) ) 1/q * 

< ( (c52 (K ' {1/p - 1/,?)+c) ^^)(/,C4(2- K )^ K )) Lp(/d) ) q Y/ q * 
= c 5 ( 2~ q * (K ' a - (1/p - 1/9)+E) (2 (K ' a) ^ x /w(/,c 4 (2- K ) /(K) ) Lj)(/d) ) q *) 1/q *. 

KeZ^:(fc,/3)>r 

(3.3.5) 
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IlpH oijeHKe npaBott nacTH (3.3.5) paccMOTpiiM ^Ba cjiynan. B nepBOM 
cjiynae, Kor^a 9 > q , npiiMeHJiH HepaBeHCTBo TejiB^epa c noKa3aTejieM 
9/ q* > 1, pjm f E Sp 6 B(I d ) HaxoflHM, hto 

( 2- q * (K ' Q " (1/p " 1/9) + e) (2 (K ' Q) ^ x /w(/,c 4 (2~ K ) /(K) ) Lp(/d) ) q *) 1/q * 

< ( ^ 2 - c l* 9 ( K ' Q -( 1 /p-l/9)+0/(e-q*))l/q*-l/e 

x( (2 (K ' Q) ^)(/,c 4 (2- K )/W) Lp(/d) ) 9 ) 1 / e . (3.3.6) 

CorjiacHo (1.2.3), c yneTOM (3.3.1) nojiynaeM, hto 
( 2 - q * e ( K ' a -( 1 /^ 1 /' ? )+ c )/^ q *)) 1 / q *- 1 / e 

< ( C6 2- m ^* e (^*) _1 ^ 1 ( Q -(Vp-i/9)+0)v c (q* 9 (^*) _1 ^ 1 ( a -(Vp-i/'?)+0)-i)i/q*-i/e 
= ( C6 2- ( i*^- ( i*)" lm ( Q -( 1 /p- 1 /9)+e)v( a ) _1 ) 1 /q*- 1 /e 

= C7 2- m ( a -( 1 /p-l/'?)+ e)r r (e(a)-l)(l/q* (3.3.7) 
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KpoMe toto, fljia / G Sp 9 B(I d ) bbibo^hm 
( J2 P^rt*™ (/, c 4 (2- K )/W) Lp(/d) ) e ) 1 / e 

KGZ^:(K,/3)>r 

<( £ (2^)^)(/,c 4 (2- K )/W) Lp(/d) ) e ) 1 / e 
«;ez|\{o} 

= ( E E (2 (K ' a) ^(/,c 4 (2- K )^) Lp(/d) ) e ) 1 / 9 

= ( E E (2 ( ^^ ) ^(/,c 4 2-^) Lp(/d /)^ 

= ( E E / 2^)^^n'^(/,C42-" J ) ip(J - ) )^) 1 ^ 

<( E E / 7 7 ^(^-^-^(^(/.^^u-))^)^ 

<( E / c 8 (^)-^-^(^(/,c 4 ^) Lp(/d) )V)V^ 

<(cs E / (^-^-^(^(/^Ol,^))^) 179 < <»■ 

(3.3.8) 

Coe^HHHH (3.3.5) - (3.3.8), fljia / G S^ e B{I d ) npn 6 1 > q* npnxo^HM k 
HepaBeHCTBy 

( ^2 II^K'' _e /llf (/d))^ < Ci 2~ m(a ~ (1/p ~ 1/9)+c) M c(a ^ 1)(1/q *~ 1/e K 

KeZ d :(K, / 3)>r 

(3.3.9) 

On;eHHBaH npaByio nacTB (3.3.5) npn < q*, fljia: / G S™ e B(I d ) b cnjiy 
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(3.3.1) h HepaBeHCTBa Tejib^epa c noKa3aTejieM 9/ q* < 1, HMeeM 



( E 2 ~ Q (K ' Q_(1/p_1/9)+e) (2 (K ' Q) fi /x /(-)(/,c 4 (2- K ) /(K) ) ip(/d) ) q ) 1/q 

< ( ^ 2" £ l* m (' 3_1 (a-(l/p-l/9)+ 0)(K,/3)(2( K ' a )fi^/(^)(/ ? C 4 (2~ K )^^) L (/d))' 1 *) 1 ^* 
K& d + :{n,l3)>r 

< ( E 2" q * m(a " (1/ ^ 1/9) + e)r (2 (K ' Q) ^ x /w(/,c 4 (2- K ) /(K) ) Lp(/d) ) q Y /q * 

= 2 -m(a-(l/p-l/5)+*)r( (2 {K ' a) fi' X /M (/, C 4 (2- K ) /(K) ) ip(/d) ) q *) 1/q * 

K£Z^:(K,(3)>r 

< 2 -m(a-(l/p-l/5)+e)r^ ^ (2 {K ' a) fi' X /^) (/, C 4 (2" K ) /(K) ) Lp(/d) ) e ) 1/e . 

KeZ^:(K,/3)>r 

(3.3.10) 

IIoflCTaBjiaH (3.3.8) b (3.3.10) h coeflHHHH c (3.3.5), fljia / e Sp 8 B(I d ) 
nojiynaeM (3.3.9) npn # < q* . 

OGte^HHHJi (3.3.3) c (3.3.9), npnxo^HM k (3.3.2) npn p < q. 

,H,jih nojiyneHHJi (3.3.2) b cjiynae q < p ^ocTaTOHHo 3aMeTiiTB, hto b stom 
cjiynae cnpaBe^jiHBa on;eHKa 

ii E ^ , " e /ik(7- ) < ii E ^"viim^)» / e s ZeB(n 

h npHMeHHTB (3.3.2) npn q = p.O 
JleMMa 3.3.2 

IlycTb BbinojiHeHbi ycjiOBHH jieMMbi 3.3.1 h p < q. Tor^a fljia C = 
Sp 9 B(I d ) h X = L q (I d ) cymecTByeT KOHCTaHTa cn(d,a,9,p,q, j3) > Ta- 
Kas, hto fljia jho6bix n, r e N, jo £ ^+ H JiioGoro HaGopa HHceji {n K e Z + : 
k G Z^,r < (k, j3) < r + j }, noflHimeHHbix ycjiOBHio 

n> E E n "> t 3 - 3 - 11 ) 

mojkho nocTpoHTb jiimeftHoe no,nnpocTpaHCTBO M C X, pa3MepHOCTb KOTO- 
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poro dim M < n, a fljia: f G C HMeeT MecTo HepaBeHCTBo 

W|l/- 9 lk, M <cn(( £ (2(^-'-«-)<) 



\6Z^:r<(K,/3)<r-+j ,n K <SH« ,i " 

cvd,l — t fyxd^l — c 



xrfn K (S(^-),^-)Q^)(/, C4 (2-)/W) Lp(7d) )^ 

_|_ 2-( r +io)m(a-(p _1 -g _1 )+ c)^ r _|_ ^(c-l)(l/q* -1/0)+^ _ (3.3.12) 

/JoKasaTe jibctbo . 

IlycTb n, r G N,jo G Z + h Ha6op Hiiceji {n K G Z + : k G Z^,r < 
( K , /?) < r + jo} yflOBjieTBopaioT ycjioBHio (3.3.11). ^jih Kaac^oro k 6 Z| : 
r < (/c, /3) < r + jo? n K < 9^~ e (piiKciipyeM jiiiHeftHoe no^npocTpaHCTBo 
M K C ^Pf''~ e , A? 13 KOToporo dimM K < n K h 

sup inf ||/-^|| L9(/d) < 2rf nK (fi(L p (/ d ))n^^ e ,^ / - c nL g (/ rf )) > 0, 

/eB(L p (/rf))n^' i - e 9GMk 

a, cjie^oBaTejiBHo, ^jih KajK^oro / G B(L p (I d )) fl ^f' i_e BBinojmsieTCJi Hepa- 

BeHCTBO 

inf ||/ - < 2 C / riK (i?( J L p (/ rf )) n n 

9&M K 

A fljifl k G Z£ : r < (k, 0) < r + j , n„ > ^' /_e , hojitokhm M k = <P^ C . 
YHHTBiBaH CKa3aHHoe, fljia / G C npn k G Z+ : r < («, j3) < r + j Q , n K < 
Bbi6epeM cpyHKmiio g K = g K (f) G M K Taxyio, hto 

ll( 1 /II^K Z ~ e /l|x, p (/ d ))^K i ~ e / - ^«IU,(/ d ) 
< 2d nK (B(L p (I d )) n ^" e , n L g (/ d )), ecjin f^-/ ^ 0; 

£ K = 0, ecjin £V-f = 0, 

H, 3HaHHT, 

II^k - W^k 1 ^ f\\L p (I d )9K\\L q (I d ) 

< ||^-7||L p (/ d )2rf„ K (5(L p (/ d ))n^-,^-nL g (/ d )). (3.3.13) 
Tor,n;a nojiyuaeM, hto ajih / G C h no^npocTpaHCTBa 

KSZ d :(K,/3)<r «eZ d :r<( K ,/3)<r+jo 
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BBimy (3.1.1), (3.1.4), (1.5.3) coGjnpnaeTca HepaBeHCTBo 



^ M Wf-9\\L q ^)< 



f- E £ ^"f- 



E 



KeZ^:r<(K,l3)<r+j ,n K <<ni' 1 c 



E 



L q (I d ) 



E 



K& d + :r<(K,l3)<r+j ,n K <% 



K e^:( K ,/3)>r+io 



•d,l—t 



f 



L q {I d ) 



< 



E (^-v-ii^'-viim^- 



K e^:r<( K ,/3)<r+j ,n K <^ i c 



L q {I d ) 



+ 11 E ^"Vlku-)- (3-3.14) 

OueHHBaa nepBoe cjiaraeMoe b npaBofl nacTH (3.3.14), Ha ocHOBaHHH 
(2.2.44), (1.4.7), (1.4.6), (3.3.13) 3aKjnoHaeM, hto ajih / e C co6jiio^aeT- 
C2 HepaBeHCTBo 

ii E (^'-/-ii^-vik^n^-) 

KeZj:r<(K, / 3)<r+i(„n K <<' i_e 

<^(E l^?" e ( E (^ | -7-||^-7lk(7- ) ^))lli (7( « ) ) 1/q * 

= c u ( E II E ^" , (^ , -7-||^-7lk(/-)^)lli ( p. ) ) 1/q * 

= c 12 ( E ll#'~7 - ll^ , -7lk(7- ) ^lli (J - ) ) 1/q * 



ad,l-t 



KGZf:r<(K,l3)<r+j ,n K < < ni 

< Cl2 ( e 



11^711^ 



KE'Z d _:r<(K,/3)<r+jo,n K <<R 

x (2i s (5(L p (/ rf ))ne t ) e t ni,(/ d ))) q *) 

< Cl3 ( e 



^e^:r<(K,/3)<r+io,n t^ <SHK ^_, 



° ! ))) q *) 1 ^ q * 

(ll^-7lk(/-) 



x^^^^Dn^-.^nL,^)^) 1 /'*. (3.3.15) 

SaMeTHM, hto npn k G : r < («, /3) < r + jo; n K < ^f''~ e , B cnjiy 
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(3.2.1), (1.4.11) cupaBe^jiHBa on;eHKa 

d nK (B(L p (i d )) n Vi 1 -' n L g (/ d )) 

= rf„ K ((J^-)- 1 ^- e ( J B(L p (/ d )) n qj*'-),*^ 1 - n L q (i d )) 

< c u 2- {K ' e)/q d nK (3 d /-\B(L p (I d )) nq# , -),Zj* , ~') 

= c 16 2^i-i/ 9 )«)^ (S(Z J* , -- )>Z «* , -- ) . {3316) 

IIosTOMy, no^CTaBjiHH (3.3.16) h (3.3.4) npii q = p b (3.3.15), npnxo^HM 
k HepaBeHCTBy 

II E (^ l_, /-||^-7lk(^)ll^) 

<c 17 ( E (2^'( p_1 - 9 " 1 ) e ) 

x d„ K (S(Z^' i "^Z^ i " e )fi^w(/, C4 (2- K )/W) Lp(/d) )^) 1 /^,/ G C. (3.3.17) 

IlpHMeHeHHe (3.3.2) ko BTopoMy cjiaraeMOMy b npaBoft nacTH (3.3.14) 
^aeT on;eHKy 

II E ^~7IU 9 (/d) 

«eZ£ :(«,/?) >r+.?o 

< Cl8 2-(^o) m ( a -(p" 1 -?" 1 )+ e )(r + i 7o) (c " 1)(1/q "'" 1/0)+ ,/ G C. (3.3.18) 

Coe^HHaa (3.3.14), (3.3.17), (3.3.18), nojiynaeM (3.3.12). 

IIpHieM, no nocTpoeHHio, BBH^y (3.3.11) co6jnoflaeTCH HepaBeHCTBo 

dimM< E dim^ d J- e + E dimM K = 

KgZ|:(K,/9)<r KeZ|:r<(K, / 3)<r+j 

E dim^^ e + E dim^- e 

+ £ dimM K = E IK*'"' 

K GZj:r<( Kl/ 3)<r+j ,n K <SHj ; - c K6Z|:(«,/3)<r 

+ E E dimM K < 

K eZj:r<( K ,/3)<r+j ,n K >SH«^ c KeZ|:r<(/«,/8)<r+jo,n«<5l«' '~ c 

E ^" C+ E n K <n.D 

KSZj:(K,/3)<r K eZj:r<(K, / 3)<r+j 
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Teopeivia 3.3.3 

riycTb d G N, a G R+, 1 < p < oo, 1 < q < oo,l < 9 < oo. HycTB em;e 
J = {j G {l,...,d} : aj = m(a)}, c = card J. Tor^a fljia C = Sp d B(I d ) h 
X = L q (I d ) cymecTByioT KOHCTaHTM Cig(C, X) > h C2o(C, X) > TaKiie, 
hto npn ^ocTaTOHHo Gojibihhx neN imeioT MecTo HepaBeHCTBa 



c 19 \ 



n - mfa-fp- 1 t) (l g n ) (rafa-fp- 1 -?-^ c)+(l/ i] - l/D) + )(c -1) ^ 

npH q < p hjih (p < q < 2 h co6jiio^;eHHH ycjiOBiis: (3.1.4)); 

n -m( a -(p- 1 -l/2) + e)Q ogn )(m( a -(p- 1 -l/2) +C )+(l/2-l/0) + )(c-l) ; 

npii g > max(2,p) h BBinojiHeHiin ycjiOBHH 

k a-p _1 e-(l/2 -p _1 )+e > 0, 

(3.3.19) 

r^;e q = min(2, max(p, q)), 

d n (C,X) > C2on -m( a -( P - 1 -l/2) + e) (logn) (m(a-( P --l/2) +C ) + (l/2-l/ e)+ )(c-l) ) 

npn g > 2 h BBinojmeHiiii ycjiOBHH (3.1.4). (3.3.19') 

^OKa3aTe jibctbo . 

B nepBOM cjiynae, Kor^a q < pnjm(p < g < 2h coGjiio^aeTCH ycjioBiie (3.1.4)), 
nojiaraa I = 1(a) h epHKCupya BeKTop /3 G R°[_, nqzrHimeHHbiii ycjioBiisiM 
(3.3.1), fljia ^ocTaTOHHo GojiBinoro nGN BBi6epeM hhcjio r G N Tax, hto6bi 

yHOBJI6TBOpiITB H6paB6HCTBy 

E ^~ e <n< ^'~ e ' (3.3.20) 

«eZ^.:(«,/3)<r «6Z^:(«,/3)<r+l 

h paccMOTpHM jiHHeflHoe no^npocTpaHCTBO M C X, onpe^ejiaeMoe paBeH- 

CTBOM 

m = J2 ^" e - 

fceZ|:(K,/3)<r 

Tor^a, yiiiTBiBasi (3.3.20), pa3MepHocTb 

dimM= ^ clim^" 2 = ^ 9^~ e < n, 

KeZ^:(K,/9)<r KeZ^:(K,/3)<r 

h ^jih / G C, 6jiaro^;apH (1.5.3), (3.3.2), co6jnoflaeTca HepaBeHCTBo 
II/- 9\\ Lq( i<) < I!/" E ^"Vlku-) 

k€L\:{k,P)<t 

= II E ^''"'/lU,^) ^ c 21 2- rm ( a -^ 1 -^ 1 )+ e V( c ~ 1 ^ 1 / 11 - 1 / e )+. 

Keli:{K,P)>r 
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OTcio^a cjie^yeT, hto 

d n (C,X) < sup inf \\f-g\\x < C21 2- rm ( a -^ 1 -^ 1 )+ c )r (c - 1)(1/q - 1/9) +. 

(3.3.21) 

3aMeuaH, hto BCJie^cTBHe (1.4.10), (1.2.2), (3.3.1) ^jih r G N cnpaBe^jiH- 

BO HepaBeHCTBO 

c 22 (rf,/,/3)2V- 1 < ^ < c 23 (d,l,m r r c -\ (3.3.22) 

KeZ^:(K,/3)<r 

H3 (3.3.21), (3.3.20) h (3.3.22) nojiynaeM (3.3.19) b nepBOM cjrynae. 

Tenepb paccMOTpHM BTopofi cjiyuafi, Kor^a g > max(2,p) h BBinojiHHeTCH 
ycjiOBHe ct — p" 1 c — (1/2 — p" 1 )-^ c > 0, KOTopoe BjieneT (3.1.4). 

B 3tom cjrynae, nojiaraa / = 1(a) h o6o3HaHas: J' = {1, . . . , d} \ J, cpHK- 
cnpyeM BeKTop (3 G R + , ,zyiH KOToporo bbiiiojihhiotch ycjioBHH (3.3.1) h fljis 
j G J' BepHO HepaBeHCTBO 

(3~ l (a 3 - p- 1 - (1/2 - p' l ) + ) > m(a - p' 1 e -(1/2 - p" 1 ^ e). 

^ajiee, cpHKcnpyeM e > Taxoe, hto ^jih j G J' coGjuo^aeTCH HepaBeH- 
CTBO 

p-\aj - p- 1 - (1/2 - p-') + ) > n + e, 

r^e = m(a - e -(1/2 - e), 

a TaKJKe BBi6epeM 7 > h 7' > Tax, htoGbi BbinojiHHjiHCB ycnoBHH: 

7 < 1/3, a*- 7/2 >0, 

(1 + -L) m(a - (p- 1 - g- x )+ e) > m(a - (p" 1 - 1/2)+ e), 
37 

7' < 7,e-y/2 > 0. 

Tenepb fljia ^ocTaTOHHo Gojibnioro n G N, no,no6paB r G N Tax, hto6bi 
yHOBjieTBopHTB HepaBeHCTBy 

C202V- 1 < n < c 20 2 r+1 (r + l)'" 1 , (3.3.23) 

r,ne KOHCTaHTa C20 > 6yneT yxa3aHa hhjkc, hojiojkhm hhcjio j = jo(r) = 
[7^] h sa^a^HM Ha6op HHceji {n K G N : k G Z + ,r < (k, /3) < r + jo} 

paBeHCTBOM 

n K = min([c 2 r -^- 7,(KJ '' /3J ' ) ] + l,^"'), 
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fljiH KeZ%: r+j-1 < («, (3) < r+j,j = 1, . . . , j , r^e c = max Jc{lr .. i(i} IKjJ. e 
(cm. (1.4.10)). 

Tor^,a b cHjiy (1.2.4) cnpaBe^jiHBo HepaBeHCTBo 

jo 

E n - = E E n - 

KeZf:r<(K,/3)<r+j {) j=l KeZ|:r+j-K(K,/3)<r+j 

JO 

< e E ([c 2 r -^' {Kj '^ j,) ] + 1) 

j=l K6Z^:r+j'-l<(K,/9)<r+j 
JO 

< ]T E 2co2 r -^-^'( K ' / '' /3 ' / ') 

j=l KgZ|:r+j-l<(/t,/3)<r+j 
jo 

<2c 2 r E 2 ~ 7i E 2 - 7 '( K ' /, ' /3J ') 

j=l fceZ^:r+i-l<(K,/3)<r+i 
JO oo 

< c 27 2 r J2^ 3 (r + j) c " 1 < c 27 2V- 1 ^2^(j + l)^ 1 = C282V" 1 . 
j=i j=i 

(3.3.24) 

H3 (3.3.22) h (3.3.24) BBiTexaeT, hto ,h;jih r, j G N, {n K gN:kG Z+, r < 
( K , P) < r + jo} co6jiio^;aeTCH HepaBeHCTBo 

E ^" e + E < C2 2V-\ (3.3.25) 

KGZj:(K,/3)<r K6Z* :r<(K,0)<r+j o 

r A e C20 = Cig + C21. Tor^a, conocTaBjiaa (3.3.25), (3.3.23) c (3.3.11), b coot- 
BeTCTBHH c jieMMofi 3.3.2 nocTpoHM no^npocTpaHCTBo M C X, pa3MepHOCTb 
KOToporo climM < n, a^jiH / e C HMee-T MecTo on;eHKa (3.3.12). Ife (3.3.12), 
nojiB3yncB TeM, hto b cnjiy (3.2.1), (1.4.10), (3.2.2) h (3.2.3) cupaBe^jiHBo 
cooTHoineHne 

< C222 (K,(l/2-p-i) + e+,-1 n -V2 (1 + lQg A£_)3/2 

n P HKeZf:r<(K,^)<r + j , n* < 9^~ e , (cm. http://) 
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nojiynaeM, hto fljiH / e C BBinojiHHeTCH HepaBeHCTBO 

inf \\f-9\\x < cj( £ (2"(— - 1 -^- 1 ) + n -i/ 2x 

K& d + :r<{K,f3)<r+j (h n K <</ ' 
nyd,l—e 

(1 + log ^s_)3/22(^)n'W-) (/, c 4 (2- ; )/W) Lp(/d) ) 2 ) 1 / 2 

+ 2-( r +io)m(a-( P - 1 - 9 - 1 ) + c)^ r + ^ o ^(c-i)(i/2-i/e)+^ _ (3.3.26) 

Oi^eHHM npaByio nacTB (3.3.26). flfla. 3Toro 3aMeTiiM, hto npii j = 1, . . . , j 
^jih k G : r + j — 1 < (k, j3) < r + j, n K < 9t^~ e , coGjiro^aioTCH HepaBeH- 

CTBa 



(«, a - p- 1 e -(1/2 - p~ 1 ) + e) = ]T fc 1 ^ - p' 1 - (1/2 - P ~ l ) + )f3^ 

+ E^ 1 ^-^ 1 -( 1 /2-p- 1 ) + )/3^>m(a-p- 1 e-(l/2-p- 1 ) + e)(/ t J ,/3 J ) 

ieJ' 

+ (m(a _ p -i e _(l/2 - p -i) + e) + e)(« J ', /3 J ') 

= 0) + e(K J \ /3 J ') > /i(r + j - 1) + e( K J ', /3 J '), (3.3.27) 

n K = [c 2 r -^- y(KJ '' /3J ' ) ] + 1 > Co 2 r -^-^'( KJ, ^ J '), 

log — <C lo£ < lOE 

6 n K ~ 6 Co 2 r -7i-7'(« J ',/3 J ') _ 6 2^7i-7'(« J ',/3 J ') 

9 r +i , , 

< log ^ F —^jrjjr ) = (log2)(j + 7J + 7 V , /? J )) ( cm.(1.4.10)), 

h paccMOTpHM ^Ba cjiynaa. B nepBOM cjiynae, Kor,n;a 6 > 2, Hcnojib3yH Hepa- 
BeHCTBo TejiB^epa c noxasaTejieM 9/2 > 1, HepaBeHCTBa (3.3.8), (3.3.27), 



58 



(1.2.4), fljia / e C HMeeM 

( E < 2 ~ 

K&±:r<(K,l3)<r+j ,n K <^i' 1 ' 



(K.a-p- 1 e -(l/2-p- 1 )+ O n - 1/2 x 



(l + l og ^i^)3/2 2 (^)^X /M(/)C4( 2-)/W) Lp(/d) )2)l/2< 

( ^ 2 -( K ,a-p- 1 e-(l/2-p- 1 ) +e ) n -l/2 >< 
KeZj:r<(K, / 3)<r+jo,n K <SHK^ c 

(1 +log— ^ )3/2\20/(0-2)xl/2-l/0 x 

( ^ (2^)^/w (/, c 4 (2- K )/W) Lp(/d) ) f? ) 1 / e < 

/ceZ^ :r<(K,/3)<r+j (h n K <mt' 1 -* 

< E ( 2 - 

KgZ^ :r<(K,P)<r+j ,n K <<Ki' 1 c 



-(/c.a-p- 1 e -(l/2-p- 1 )+ n -V2 x 



(1 _|_ log— ^ \3/2\20/(6-2)\l/2-l/8 x 

n K 

( ^ (2^)^/w(/, C4 (2-)/W) Lp(/d /)^ < 

KGZ|:(fc,/3)>r 
jo 

< C 30(£ E ( 2 -M^-l)-e(^'^') x 

i =1 K 6Zrf:r+j-K(K,/3)<r+j,n K <^ ! - e 
(co2 r-- 7j -y(^\^') ) -l/2 (j . + 7J . + y ( ^^J' )) 3/2 ) 2 e /(e-2) ) l/2-l/ e < 
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Jo 



i=l Ki6Z^:r+j-l<(«,/3)<r+j 

x 2 -( e - 7 '/2)( K J ',^ , )^2e/(e-2)^i/2-i/e 

JO 

= C31 2-^ +1 /2)r^(2" ( ^ 7/2)j j 3/2 ) 2e/( ^ 2) 



v' ID\(^J' RJ' 



x (2-( e -V/2)(K J )(l + (k j> , / g J, )) 3 / 2 ) 29 /( e - 2 )) 1 /2-i/e 

reeZ|:r+j-K(«,/3)<r+j 

Jo 

< C32 2-^ +1 /2)r^( 2 " ( ^ 7/2)j j 3/2 ) 2e/( ^ 2) (r + j) C_1 ) 1/2_1/9 



Jo 



< c322 _ ^ +1 / 2 ^(^(2 _ ^ _T/2)j j 3/2 ) 20/(e_2 V c_1 (l + jy _1 ) 1/2_1/e 



J=l 

oo 



< C32 2-^+ 1 /2> r (c-l)(l/2-l/0)^^ 2 -^/ 2 )' J j 3 / 2 ) 2e /^ 2 )(l + j) C_1 ) 1/2_1/e 

= C 33 2~ m (°-f _1 e -(l/2-p- 1 )+ e +(1/2) e)r r (c -l)(l/2-l/0) 
= C33 2- m ( a -(P _1 - 1 /2)+c)r r (c-l)(l/2-l/e) = C332 -m(a-(p- 1 -l/2) +C )r r (c-l)(l/2-l/0) + ^ 

(3.3.28) 

Bo btopom cjiynae, xor^a 9 < 2, npuMeHHH HepaBeHCTBo Tejib^epa c 
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noKa3eTejieM 9/2 < 1, a Taicsce (3.3.27), (3.3.8), fljia / e C nojiynaeM 

(l + l og ^i^)3/2 2 (^)^X /M(/)C4( 2-)/W) Lp(/d) )2)l/2< 

( ^ 2 -( K ,a-p- 1 e-(l/2-p- 1 ) +e ) n -l/2 >< 
KeZf:r<(K,f3)<r+jo,n K <<Kt' l - c 

(l + l og ^^)3/2 x 



2 (^)^x /M(/)C4(2 - ) /W )Lp(/d)) e ) i/^ 



< 



Jo 

< C 34(E E (2-^-1)"^^) X 

jo _ 

< C 35(E E (2-(MH-V2), 2 -(M-7/2)^-3/2 (l + ^ ^3/2 

j=l reeZ^:r+j-K(K,/3)<r+j 

x 2 -(^7'/2)(« J ',/3 J ') 2 («, Q )^x /(K ) C4 ( 2 -^/(«))^ (jd) )^i/e = 



JO 



C3 5 2" { ^ +1/2)r (^(2 _{ ^ 7/2)i j 3/2 ) £ 



j=l 



X ^ (2-^'/2)(- J # / ) ( l + ( ^' ) ^'))3/2 

K;eZ^:r+j-l<(K,/3)<r+j 

2^)^w(/,c 4 (2- K )^ K )) Lp(Jd) ) e ) 1 ^< 



x 

jo 



C36 2^+i/2)^ ^ (2^°)^/(^)(/,c 4 (2- K )/W) Lp(/d) ) e ) 1 / e < 

j=l KeZ^:r+j-K(K,/3)<r+j 

C362 -(^ + i/2)r ( ^ ( 2 ( K ^^/w(/,c 4 (2- K )/M) Lp(/d) ) e ) 1 / e < 

C 37 2~ {/1+1/2)r = C372 _m(Q_P ~ le_(1/2_J '~ 1) + e+(1/2)e)r " = C372 -m(°-(P _1 - 1 /2)+e> 

= C372 -m(a-(p- 1 -l/2)+e)r r (c-l)(l/2-l/e) + ^ (33^9) 
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OuemiBaji ^ajiee npaByio uacTB (3.3.26), bbibo^hm 

2 -(r+j )va( a -(p- 1 -q- 1 ) + e)^ + ^(e-l)(l/2-l/0)+ 

< 2 -( r +hP m ( Q -(P~ 1 -'?~ 1 )+ e )fr + r-^Ln Cc -l)(l/2-l/ff)+ 

v [ 37 J; 

< 2 -( r +^- 1 ) m ( Q -^ 1 -^ 1 )+ c )f r + Jl\(c-i)(i/2-i/e)+ 

V 37 ; 

< C38 2- m ( a -(^ 1 - 1 /2) + e)r r (c-l)(l/2-l/e) +> (3 3 gg) 

Coe^HHHH (3.3.26), (3.3.28), (3.3.29), (3.3.30) h yHHTMBaa, hto dimM < 
n, npiixcfliiM k HepaBeHCTBy 

d n (C,X) < sup inf g G M||/-(?|U < c^-^^ 1 -^ e )V c - 1)(1/2 - 1/e K 
/ec 

OTcio^a h ii3 (3.3.23) BBiTexaeT (3.3.19) bo btopom cjiyuae. 

JXjir nojiyueHHH (3.3.19') 3aMeTiiM, hto npii a — (1/p — 1/2) + e > bm- 
nojiHHeTCH HepaBeHCTBo (cm. [5]) 

d n (B(S^ e B(I%L 2 (I d )) 

> C4on ~ m («-(P _1 - 1 /2)+O(l ogn )(m(a-(p- 1 -l/2) + e) + (l/2-l/0) + )(c-l) ) 

meB(S« e B(I d )) = B{L p {I d )) n 

OTcio^a, nojiB3yjicB TeM, hto ,zyiH / G L q (I d ) npii q > 2 coGjiipnaeTCH Hepa- 
BeHCTBO \\f\\L 2 {I d ) < H/IU^/d), b ciuiy (3.2.1) npn g > 2 ii a - (1/p - 

1/q) + C > BBIBCflHM 

4(^(^,^(7^) > rf n (^(/ rf ),L 2 (/ d )) > d n (B(S>B(/ d )),L 2 (/ rf )) 

> C 40 n" m ( a -(f _1 - 1 /2)+ e) Q Qg ^ (m(a-(p- 1 -l/2)+ e)+(l/2-l/9)+)(c -1) ^ 

hto coBna^aeT c (3.3.19'). □ 
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